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i FOREWORD

[
,_ This rep_ rt presents a summary of all activity performed by SPACO,

INC. under Contract NASS- 11314, covering the time period of June lZ, 1_04
to June IZ, 1965_ This work has established the present state of the art for

_: mass properties measuremen'_ in the areas of moment and product of inertia,
| - center of gravity, and principal axes.

%

_ The importance of accurate mass properties measurements to the
| ! performnnce of the Saturn V vehicle has long been recognized by the

_: Pvop,_!_ion and Vehicle Engineering Laboratory, as evidenced by earlier work

in the field. SPACO, IN(:., in performance oi the scope of work of thiscontract, has extended the original NASA developments to a new level of
accuracy and automation.

i
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1 INTRODUCTION

1.1 BAC :_.GROUND

Weight and balance criteria have proven to be _-ital factors in the

successful performance and operation of space flight vehicles. Location
, of excess weight becomes geometrically a more sericn_s problerv in the

! _, upper stages of spa_ flight vehicles. Weight and balance estimates m_st
be made and continuously checked during design, constructions and assem-
bly of vehicles.

Since weight and balance are of prime importance, accurate and
- dependable data must be rnaintair_ed on the center of gravity of each com-

ponent. Dat_, related to center of gravity, is required _o assure proper
i. distribution of weight for efficient vehicular flight performance. Var_=..-o_,.s

between estimated and actual weights, balances, and/or centers oi gravity
are assu_ed of resulting in vehicles deviating from the calcula_.ed course.

Unpredicted forces due to erroneous center of gravity estirrJ4tes can be
of sufficient magnitude to cause missinn failure.

In addition to static weight, balance, and center of gravity data,

other parameters must be known to engineer the requirements of $_ace
flight vehicles. For components having relative motion with respect to the
vehicle it is vi_lly important to know their moment of iner,'ia, product
of inertia and principal axes. (Items having relative motion Ic the vehicle

include" valves, controls, actuators, gimbals, rotors, _i_tons, pumps,
et cetera. ) Data related to components of this type must be extremely
precise because of high speeds and critical environments in which they
operate. The inertial eflects of liquids (i. e. fuel, lax) as compared with
solids of tl_e same density .must also be known, Movement of these com-

ponents during vehicle accelea-ation produces secondary forces such as
gyroscopic couples and coriolls effects, whlch affects the stability and
response of vehicular flight. Consequently, careful studies and analyses

- are required on dynamic components to assure no harmful interactions or
har,.-__onics develop to cause resonance and/or excessive vibrations,

Taking into consideration the importan_ e of the above mention :d
critical factors, studies and design of reliable measuring devices has
been undert_.ken in the _ollowing areas:

1
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A. Moment of Inertia

B. Product of Inertia

C. Principal Axis

D. Mass Properties of Liquids

E. Center of Gravity

1. I. 1 Previous Work in the Field of Mass Metrology: Unti! the time that
SPACO, INC, began a study in five areas of Mass Metrology, moment of

inertia, product of inertia, principal axis, mass properties of liquids, and
center of gravity, the amount of test, studies, and development had been
limited.

1.1. I. 1 Moment of Inertia: One outstanding piece of work was found in
NASA TN-1114, which had been widely accepted as a significant contribution

to the store of ._c_ledge on "additional mass efforts". Deve!opments under
the present contract are extending this work by improved techniques and
processes for measurement of true tnoment of inertia. A year ago, the

best accuracy attainable was to the nearest 0. I inrlb-sec 2. Under the
present efforts of the Mass Metrology Laboratory at SPACO precision
measurements to the nearest 0.01 inrlb-sec 2 on components is obtainable,
a full order of magnitude better.

1.1, 1. Z Product of Inertia: A survey of available literature shows that

diminutive amounts of work has been uerformed in the past to determine
experimentally, to an appreciable degree of accuracy, the product of inertia
of a mass about a pre-determined axis.

1.1. l. 3 Principal Axis: In the study of principal axis determination there
also appeared a shortage of up-to-date information available on measure-

ment systems.

I. I. 1.4 L_lass Properties of Liquids: In the past, considerable effort has
been made by many p_ple in the theoretical and experiment_ study of
liquids. Studies hav_ included, viscosity, pressure, flow, baffles, vibration,
acceleration, and many other aspects too nurr.erous to mention. The work

of the Mass Metrology Laboratory, at SPACO, INC., has been to utilize
a cylindrical tank, oscillating about the yaw-pitch axis using various liquid
levels and various frequencies in the range of 0.25 to 2 cps and to compare
the experimentally determined value s of moment of inertia with theore1:ical

values assuming a solid of the same density.

1965021175-017



I. I. I. 5 Center of Gravity: One of the more popular methods of center of

gravity location utilizes a strain gage transducer which measures the static
J unbalance moment created abou_ the center of the transducer. This value,

divided by the object weight, yields the distance to the cg.. However, this

: system is hampered by the lack of a method of determining these measure-
ments accurately with respect to a reference point on the object. This

method at best can yield cg location to the ne_.rest hundredth of an inch.

The Mass Metroiogy Laboratory has pursued and developed a method of

measurement utilizing a precision telescope and tooling bar which will

allow the measurement of objects to the nearest thousandth of an inch.

Advantages of the system are that there is no physical contact with the

! object, therefore any type reference point can be used. Another develop-

ment of the Laboratory is the use of a spherical-segment air bearing table

for more precise and more rapid location of center of gravity.

I.2 OBJECTIVES

; NASA contract NAS8-11314 detailed five areas where literature

li searches, studies, test, and development of methods were to be made.
The following is a brief description of the objectives in each of the five

;i 1 areas.!
i l 1.2.1 Moment of Inertia: The initial investigation was to conduct a series

I of tests and experiments orientated toward the ultimate goal of developing

_i i a completely automatic system for measuring mass moments of inertia.

_! I _his automated sys*.em was to operate in conjunction with a government

i_ furnished 46 inch _ir bearing device.

h _ T_ immediate task was to calibrate the device using a series of t6st

specJ;nens "_ith accurately known moments of inertia. After calibration,

i - ! eC_-ts were to be direc.ted at developing the automatic system.
. i Transducers were to be selected to accept signals, generated by

moving parts of the system. The output of these transducers would be

_ amplified and routed to an analog computer. The _omputer was to be
_ programmed to solve the differential equations of motion associated with

i a swinging damped pendulum. Test relults from the computer were to be

"_ processed through a digital converter and printed out on paper. Viscous and

| aerodynamic damping, temperature, were to be taken into consideration.

I. 2.2 Product af Iner__ia: A device for measuring product of inertia of

_I masses about any axis was to be designed, developed, and tested. Moments

were to be measured by sensing loads on a t_ltable, rotating table, using

[

3

1965021175-018



either electrical transducers or differential air gages. The design specified
that resultant moment signals could be read off directly or fed into a computer

together with inputs concerning table angular velocity to yield product of
inertia in suitable units. The table calibration was to be accomplished by
using masses of known or previously calculated products of ::nertia and

comparing to readouts from the table and its instrumentation. Adjustments
were to be provided to account for initial errors or null readings.

1.2.3 Principal Axis: These test were to be performed using a government-
furnished three-degree freedom pendulum. This test required a motion
sensing device with necessary computer. A series of test were to be per-
formed to develop a means o_ determining the principal axis of a body.

l These test were to be performed utilizing the spherical air bearing that

was used in conjunction with the center of gravity test. The method used
in this effort utilized a mass, with a known principal axi3, placed on the
air bearing with t_he center of gravity of the mass located near the radius of
the air bearings. This set up is on the principle that oscillating motion
induced about an arbitrary axis {not principal axis) will also produce motion

about another axis. Studies were to be performed to design a means of

sensing this motion and converting this data into the principal axis location.

1.2.4 Mass Properties of Liquids: These test were to be performed using
a government-furnished pendulum _md container. Mathematical equatio_
and parameters were to be developed from test results for application to
]a,_uch vehicles and space v_hicles, An extensive series of tests were to
be made to determine the percentage of f_uid which acts as a solid in

measuring mass moments of inertia liquids. A cylindrical tank closed on
one end by a spherical bulkhead was to be oscillated in an upright position

bet_veon _,o rigid support pillars which contain the bearing assembly_ with
hozizontal torsion rods fastened to each side of the container through the
bearings.

Test were to be performed wit_ different levels of liquid with ten
or twelve different fzequencies for each level. Different frequencies were
_ be generated by sizing the torsion rods. At the conclusion of these

tests a series of baffling conligurations were to be placed in the tank and
test repeated. Data from these tests were to be used in an effort to
correlate the measflred results with theoretical values.

l.Z. 5 Center of Grzvity: A government furnished three degree fleedom
air bearing balance was used in locating centers of gravity on irreg_lar

_ shaped objects. This government furnished air bearing device was a
prototype design utilizing a 10 inch diameter spherical polished s_eel
segment floating on air. This device was capable of yielding favorable

_; accuracy, To operate the device the test spQcimen to be measured was

_r
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placed on the air bearing device, and leveled at static equilibrium. A

plumb bobs which had previously been set to the exact center of the system
was lowered to locate the center of gravity of the test specimen.

Efforts were to be made to refine design of the "Center of Gravity
i Locato_" whereby tile sensitivity of the system could be changed by moving

; a system of weights in respcct to the center of gravity of the system. In
=_ddition the plumb bob arrangement was to be replaced by a vernier thus,

improving accuracy in readout. Compr :hensive tests were to consist of
measuring the centers of gravity on a series of various shaped confisurations
with different weights and centers of gravity.

1.3 SUMMARY OF ACCOMPLISHMENTS AND RECOMMENDATIONS

1.3.1 Accomplishments

1.3.1.1 Moment of Inertia

1.3. I. 1.1 Mathematical Basis

! (I) The "Period Decay l_ate f' concept has been developed to a
practical technique which enables moments of inertia to be determined

i experimentally to an accuzacy of +. 0.1%.

(Z) A detailed analysis of analytical curve fitting techniques was
made for use in conjunction with the above concept.

(3) Specific procedures have been established for the experiments

performed in the laboratory.

(4) The effects of dead weight, air bearing pressure, a.-_d external
air drag on the damping con=tant of the system have been determined

experimentally.

(5) The effect of environmental temperature on the accuracy of the"
moment of inertia measurement system has been determined experimentally.

(6) The effects of errors in moment of inertia standards a_-_dtest
parameters on system accur_cy have been determined analytical.fly,

I, 3. I. I. 2 Automated Systems

• (1) & prototyp_ zy_tem for measurement of n_oment of inertia using

a capacitive transducer for motion detection was designed, fabricated,
and tested.

'!!I 5
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(2) A prototype system was developed for ,neasurement of moment of
inertia using an analog computer for real time calculation of the result.

1.3.1.2 Prod,act of Inertia

A prototype machine for n_asurement of products of inertia was

designed, fabricated, and tested. The prototype utilizes an instrumented
ro_.ating tilt table and an analog computer to solve for the desired results.

1.3.1.3 Principal Axis

A computer program for calculating the location of principal axis

from measured moment and products of inertia was tested and proven.

1.3.1.4 Mass Properties of Liquids

(1) A test program to experimentally determine the moment of inertia

of a partially filled lioiuid tank oscillating about its yaw-_itch axis was
performed.

(2) Progress was made on the derivation of a mathematical expression
_or the morr_ent of inertia of the above system, although the solution obtained
thus far is a poor approximation of the experimental results.

1, 3.1.5 Center of Gravity

; (1) A precision optical system for center of gravity location was

procured, modified and tested.

_ (2) The government furnished mon_ent detection center of gravity

location system was improved and evaluated,

(3) The spherical segment air bearing system was refined to a

significantlygreater accuracy capability than wal originally possible.

_; i. 3.1.6 General Laboratory Irnprove_tents

_ (I) A capacitive transducer motion measurement system was
_ designedj fabricated and evaluated.

_, (2) Numerous improvements to the laboratory capabilities were

_ made by the design and construction of equipment and accessories,

I, /
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1.3.2 Recornme_:dations

i As a result of the _erience accurnmulated in tLis contract effort,
the need for additional research in e_ecific ar_as has be_orne apparent.

These needs are outlined below according to _e major areas of developn_ent.

1.3.2. I Moment of Inertia

! (I) Improvements are needed in measurement _chniques_ in the

areas of oscillation period titre, amplitude measurement, and dir,lensional
and mass measurement of s "tandards.

: (2) A study should be performed of the potential system errors
created bv the torsion rod restoring iorc_. This should include a survey
of torsion rod materials, and d,_velopraent of rod calibration instrumentation.

(3) The effect of all other significant vlriables on the periorz_ance of
the torsional pendulum syste _ should be dete trained experimentally.

(4) A mathematical model of the system should be developed in terms
of the parameters developed experimentally.

(5) A small uornmerica, electronic digital calculator should _e
adapted to the , lution of the developed model, and incorporated into a
high accuracy integrated automatic measurement syste_-n.

I. 3.2. _ Product of Lnertia

(I) The basic system developed under this contract for me;_surernent
of products of inertia should be further tested to determine the nature and

origin of all errors.

(2) The system should be converted to a digital compution capability,
to improve the potential system accuracy. Th-_ same basic tecBniques
could be used, differing only in the naturz of the electrical variables'and

the type of computer.

1.3.2.3 Principal Axis

Experiments should be made to determine the relative performance
of two methods of principal _xis location. These _wo methods are I.
calculation from moment & products of inertia or 2, location J a ha,1
point on the product of inertia test machine.

_ 7
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1.3.2.4 Mass Properties of Liquids

(l) Further testing with the government furnished tank system i_5
required to determine empirically the parameters which affect the flui_
moment o_ inertia. For this effort, additional instrumentation for the

ta_k system will be required to measure these parameters.

(2) Development of the maLhematicai model of the system shc-_ld be
: continued along the same approacb_ with additional emphasis on develop-

ment of a technique to transfer axes of the fluid inertia.

1.3.2.5 Center of Gra-_ity

(I) FurLher tests of the new spherical segment _ir bearing cg
location system are needed to determine the causes of present errors.

(Z) An improved leveling system for use with the spherical air bearing
table is needed. The present air cylinder system is inadequate.!

(3) An improved counterweight system_r the air bearing table should
be designed.

(4) Tale need exists for a new method of m_rking cg points on
objects after they are lo_.ated optically. Projection of a mark on to a

: photosensitized area of the object is one possibility.

(5) The construction of a spherical _ir bearing table and optical
telescope as an integrated system o_l one base i_ recommended.

(6) Improvements to the moment detection cg locator to increarse

its accuracy and convenience should be undertaken.

(7) A feasibility study of more advanced and automated techniques
of C.G. location is needed to advance the state of the art of up to a level
comparable to the moment and product of inertia machines,

I. 3.2.6 General Laboratory Improvements

A study of lo_d measurement techniques should be rhode to determine
the best approach to establishment of a precision load measurement

capability- in the Mass Metrology Laboratory.

?
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II TECHNICAL DISCUSSION

Z. 1 INTRODUCTION

The research and development work performed during the year was
divided into six major area of effort, with the overa|l responsibility for each
area assigned to an engineer. Each of these major areas was subdivided into

several projects which were _-ssigne4 to individual engineers according to

the type of work involved. All previously published weekly and monthly
progress reports were organized according to this arrangement. The
discussions following are in the same format, making possible reference

• back tc individual progress reports when more information is required.
The numerous minor tasks performed during the year which had no technical
significance are not included in this report.

2. Z MOMENT OF INE__TIA PROGRAM

Z.Z. 1 Math Basis: The two methods of determining moments of inertia are:

static and dynamic. The static method is accomplished by using standard
moment of inertia ._ormulae and known dimension_ and ,,:eights of a specimen.

The dynamic method basically consists of oscillating the specimen about a
given poh'_t and measuring its period of osci|lat_on. This period of oscillation
is then used in the proper forrn_/a, depending on the system, to calculate
the moment of inertia. Both methods have their advantages and disadvantages.
The controlling factors which determine the method to be used are the size

and shape of the speciz_en, and the accuracy 4esired, For a regular shaped
homogeneous specimen with known dimensions the static determination
would be the superior method. For specinlens of irregular shape and non-
_,niform density the static method would he time consuming, if not entirely

In_lequate, thus, the dynamic method would be best. There are several
types of d)mamlc methods, some of which are; compound pendulum, line_-r

sprlr,_ system, variable center of gravity pendulums filar pendulum, and
torsional systems. An i11ustration of each method and the formula for
determining the moment of inertia is shown in Figures I through 5. Each
of these dynamic methods has its advantages and disadvantages whzc,h are
mainly determined by the specimen to be measured. Since our main interest
is in determining moments of inertia rapidly and accurately the most feasible

approach was to use a torsional system which had a frictionless rotatable
table top. This type of top makes for ease in rno_mting specimens to be
measured. The ideal instrument fo-_ this program is the torsional pend_lum

air bearing table which has bee,' designed, fabricated and furnished by .NASA.
After the method o£ determining moments of i_ertia had been decided up_n,

a c _mplete investigation ol the 0ystem both theoretically and experimentally
had to be performed so that maximum accuracy could be obtained.

i
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The theoretical approach in determining the moment of inertia by
period measurement is based on the classical harmonic oscillator, Since

the main concern is that of a torsional pendulum, the equations used to
demonstrate a h_rmonic oscillator will be those of the torsional pendult,m.

The equation of motion of a torsional pendulum with no d._ssipatim,_;.!o_ses
is

Z_" 4 Ke: O. (i)

A standard solution of this equation yields

_. W ='_._.. (Z_7 ti-nes the natural frequency), (2)

- .............. .. ---- 1111tL
, , _ ----- J,L __
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or I = KTZ (the true moment of inertia) (3)

as shown in Appendix Al,

The equation o__ .-..r.tlo_,_ ol the above system with viscous damping
proportional to the . elocity is written below:

I0" _ C8 +K0= O (4)

A solution to this equation is

-Ct

8 = A e ZI sin (qt+ ¢) (5)

whe re

q =_K C_I 4!_ (61

as shown in Appendix AI.

i Equation 6 gives the frequency of oscillationof the damped oscillating

system. In this eo-ation the darrlpingconstant C is related to the frequency

q in s,_ch a manner that as G decreases, q approach_a w, shown in equation 2.
I

Equation 5 describes cornp!etely the damped oscilla_-in_ system.
However, if only maximur_, amplitlldes are of concern, these may be obtained
by setting sin (qt + _) equal to unity, The envelope of maximum amplitudes

" is then given by

-Ct

e = A e 2I (7)

Equation 8 is then obtained by taking the natural logarithm of Equation 7

lnO : lnA - __Ct (8)
2I

Ify is set equal to luO and IRA is denotc_.dby a constant b, Equation 8
has the form

y= mx +b = ___Ct+ b, (9)
Zl

represen0ng a stre.ightline with slope equal to

_C
i z-Y"

13
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For a given moment of inertia I, the slope of the line will be proportional to

C. Previous reports have shown that ".he additional mass effect has a direct
relationship with the decay amplitude. As the amplitude decays, thu time
rate at which it decays decreases; therefore, the damping decreases as the

_mplitude decreases. This effect is shown by typical experimental data
from the torsional pendulum system presented in Figure 6. The plot of
number of cycles in Figure 6 is effectively the total time in seconds. A

semi-log plot of the same data is shown in Figure 7. This curve shows th__t
as the amplitude decreases, the slope of the curve decreases. Analysis

of Equation 9 indicates that if I remains constant, a decrease in the slope
will produce a decreas_ in the decay constant. As seen in Figure 7, the
decay constant varies during the initial time interval and th_n approaches

a fi_ed value. This fixed _,alue is in the order of magnit,:de of 10 -3. and
the quantity

C 2

is in the order of magnitude of 10 "s. Since the value of

K

is in the order of magnitude of Z to 25, it can be seen from Equation 6
that the quantity- q does not differ significantly from the quantity w..

Accordingly, the limiting value of the decay constant was taken to be zero.
This analysis indicates that the true period for moment of inertia determination
is obtained when the amplitude decreases to zero.

The method of experimentally determining the period as the amplitude
decreases to zero is illustrated in Figure 8. The data used here is the

same as that used in Figures 6 and 7 with different parameters, Experi-
,nental difficulties occur at small amplitudes, and this is attributed to the
fact that at small amplit'ades (approximately 0.001 of a radian) the energies

caused by air currents and building vibrations are comparable to those
of the oscillating torsional system. Figure 9 shows 10-period averages
plotted versus total time. To obtain the period at zero amplitude, an
extrapolation must be performed frop., the minimum displacement recorded
to zero. This extrapolation i_ _] ,,wn in Figure 8 and this is the correct

period to use in determining t .xoment of inertia in the equation

_...
_. I - KT_' (I0)_ -4--_"
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_o improve the results of the period dec_ I method, curve fitting
techniques for analyzing the period decay of an oscillating system were
inveztigated, A computer program for c,,, v, fitting by polynominals l_,t,_ been

obtained and is _,hown in Figure I0. Tl-,sprogram has been used on some

zi curves to check its accuracy.

i _ 2.2.2 Experimental Apparatus: The experinlental apparatus used in the• moment of inertia determination program consists of the following: (See
"_ Figure 1I)

_i 1. Air bearing t_ble

i 2. Torsion rod

3. Photo-celt timing device and associated equipment

4. Displar ement m_asuring equipment

2, 2.2.1 Air Beariug Table: The prime instrument which makes possible
rapid determination of moment of inertia is the air bearing table, Figure 12.

The turntable is supported by air bearings and represents a spring damped
torsional pendulum which oscillate.s about a fixed position of equilibrium.
It is supported vertically by a 24-inch diameter thrust air bearing and
stabilized horizontally by a modified AB-9 air bearing.

The thrust air bearing surface area is approximately 250 square inches
and consists of 120 feeder air boles arranged, in two rows. The AB-9 radial

air bearing under the center of the tab]e nasa ,_pecialinner cylinder which

has a radial air gap of 0.0G20 to 0. 003v of an iach to prevent metal contact
when the turntable is tilted.

Air is fed through an air filter to the air bearing by way of small
holes drilled iv special inserts. The turntable is normally operated at
pressares of 25 pounds per square inch or less for safety reasons. Actual

pressures used may be programmed with load so that a constant air gap
and constant viscous damplng can be maintained. Concentric gro( . es on

the top of the tab(e aid in centering the test specimen directly over the
axis o£ the table.

2.2.2.2 Torsion Rod: The torsion rod material and design was obtained from
previous work performed by the# Measuring Msthods Unit at MSFC/NASA.
The circular shaped rod was used so that only pure rotational strebses

would act as torque was apulied to the rod. The material used in making

_ 19
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the rods was mild steel, B-Ill3. Thi_ .._-.ate_iai appe_.red _o be very satis-
factory since nc hysters's losses were noted. A research effort that might

possibly find a better material or design for use as tor_ion rods _hovld be

conducted to improve the accuracy of the system.

The torsi_cni-oclswere calibrated by using objects of known moment of

inertia. These standards were five dumbbells. (See Table I) Dumbbells

A and C had previously been use,_by the Measuring Methods Unit at P&VE

and were later refinished at SPACO, INC. to a tolerance of. 00! ol an inch.

The other three dumbbells were faL .cated at SPACO, INC. and were also
finished to . 001 of an inch.

All of the dumbbell standards were recalibrated by the Army Calibra-

-_ tion Laboratory, using the new load cell procedure developed by the National

j Bureau of Standards. The procedure is capable of accuracie_ approaching

i that of a balance, and uses "off the shelf" components, The setup consists
! of a load cell. flexures, a hydraulic lift,weight standards, and digitali

I instrumentation for monitoring the load cells. Basically the technique

i consists of comparing the unknown weight with two standards of approximately
the same weight alternately, and statistically determining the dfffei'ence.
Atypicai procedure is outlined below.

1. Exercise the load ceil with the load to be measured until stable

readings occur, using the predetermined time cycle. {Exercising is !oading
and unloading the cell, s technique found to make the cell more stable. )

2. Three miuu_es after starting to release the weight (after stability
is reached by exercising) take a zero reading. (While a zero reading is not

used in the calculations, it is included in this procedure to monitor the
stability of the instrument. )

3. Immediately {but gently) pick up standard weight and read after

2 minutes from start of pick up.

4. Release standard and read after 3 minutes from start of re;ease.

5. Pick up unknown weight and read after 2 minutes from start of

pick up.

6, Release unknown and read zero after 3 minutes from start of
re_ease.

7, Pick up unknown and a sensitivity weight that is a bit larger than
the difference between the standard and the unkr.own, and read after 2

minutes from start of pick up.

23
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8. Release and read zero after 3 minutes from st_rL of release.

9. Pick up standard and the same sensitivity weight and read aiter
2 minutes from start cf pick up.

10. Releas_ and read zero after 3 minutes from start of release.

This procedure is repeated many times to achieve the desired cor,.Ci-
" dence level. It can be seen that the data preduced ran b_ used to determine

accurately the difference between _,_e unknown and _¢.._.¢L_J--_weights. The
results of this procedure used on four of the dumbbell standards is shown

in Table 2. The new weights are believed to be reliable within __ 20 ppm.
Calibration of the remaining standards is still being performed.

Table 2 Results of Four Dumbbell Standards

Dumbbell Old New

No. Weight Weight
B 112.91 112.8745

C 182.58 182.821
D 198.81 198.750

E 291.05 290.966

These dumbbell moment of inertia standards were then used on the

suspended torsional pendulum to calibrate the torsion rods. A static

method of dete training the rod constant was designed and used for the larger
rods because an excessively short period time resulted from the dynamic

' system.

2.2.2.3 Photocell Timing Device and Associated Equipment: The photo-
cell timing device for measuring periods has been greatly improved since

testing began. The improvement basically consisted of converting the power
supply from alternating current to direct current. Previously the alternating

i current had caused the light source to vary in intensity thereby causing the
photocell to be triggered at random. This random effect caused the period
measurements to be very scattered; therefore, individual period measurements

were mean'_ngless. To correct this un_.,anted error it was necessary to
change the light source power to direct current so that a constant intensity
could be obtained. The circuitry was modified to provide direct current
from a storage battery to heat the filament of the light source. At _he

•, same time the power to the transistor amplifier was converted to direct

q
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current to eliminate any transients which freight produce erroneous or,tput

pulses. A rheostat was incorporated into the filament circuit of the light
source to control the light scurce intensity.

2, 2.2.4 Displacement f_easuring Equipment: The displacement measuring
equipment consists of a z_irror, a light source and a calibrated scale. The

mirror is located on the axis of rotation. The light source is rc_e_,ted from
the mirror onto the calibrated scale. The scale is desi_e_i to r_ad angular
displacements directly if the scale is located at 14G'. The di_'placement

measuremehts are recorded manually by laboratory personnel. An automated
metl_od of measuriv_ angular displacements using a capacitive transducer

has been designed and is described in deta'l in uaragraph 2.2.4.1.

2.2.3 Testing Progrmn: Six different studies were performed to determine

the performance of the moment of inertia measurement system. These test
were.*

1. Rod Calibration Program

2. Momert of Inertia Determination Program

3. Table Load and Air Pressure Tes*s

4. Aerodynamic Drag Tests

5. Temperature Tests
/

6. Error AnaJ.ysis
4

2. Z. 3.1 Rod Calibration Program: The first series of tes,% was performed

• to determine the spring constants of the rods to be used in th,_ _ir b_aring

table. The torsional pendulum apparatus was used with dumbbells of known
mou_ents of inertia. The dumbbells were suspended on the torsion rods

fror,_the overhead "I" beam. Figure 13 shows the test equipment. The

photocell lighttiming device and the displacement measuring device are

_ initiallyaligned for all systems to record zero when the dumbbell is in its

static position.

The dumbbell was manu,_lly displaced to approximately 0.18 of a

_- radian and released to start _e oscillation. A Teflon bearing arrangement
_ was used initiallyto ste_dp the o_cillations. When the dumbbellts maximum

i_ displacement decreased to 0.15 of a radian_ the Teflon bearing was removed

and the first period and the first ma_imurn displacement measurements were
_ recorded,

'_' 26
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In the first experiments the period was recorded every other cycle,
and the displacements were recorded every 0.05 of a radian tmtil the timing
device stopped recording. This method proved to be very time consurr_ing,
especially in plotting data. Therefore, the counter was set to record 10-

period avelages, and displacements were recorded at intervals of 0. 001 of
a radian starting with 0. 035 of a radian. Since 10-period averages tend to
eliminate random errors, this data was used. The use of smaller increments
also produces greater accuracy in the displacement measurements. Since

small displacements are the main concern, no inconsistencies are introduced

in measuring from 0.035 of a radian instead of 0.15 of a radish. Flgures 14
. through 17 show the results of a typical period decay test. Figure 17 shows

that the period corresponding to zero amplitude is 1. 35570 seconds. The
correct value of the rod constant can now be calculated using the equation,

K = 4_I
--_ (ii)

where "I" is a known value. Table 3 shows the results of this series of

! tests using two different rods. Each test was repeated at least five times

to obtain the average period. The exact procedure for this test is shown
! in Appendix A3.

Z. Z. 3. Z Moment of Inertia Determination Program: The second series of
tests were performed to determine moment of inertia by using the air
bearing system. The previously calibrated rods were used in the air

bearing table, and the periods were determined by the method of period
decay. The basic equation,

I-- KT2 (IZ)

was used to determine "I". Table 4 shows the repeatability of the system.
Table 5 shows the results of this series of tests. The moments of inertia

of the empty table with the dumbbell adapter was first determined. Later,
various dumbbells were tested to determine their moments of inertia. The

percentage error always remained less than 0.5 of one per cent, but even

greater accuracy should result as techniques are improved. The test
procedure for these tests is shown in Appendix A4.

Z.Z. 3.3 Table Load and Air Bearins Pressure Tests Program: The
• performance characteristics of the air bearing table are affected by table

'_ load and air pressure going into the air bearings. To determine these
" effects a series of tests were conducted under various table loads and air

_-: pressures. In crder to obtain the effect of table load and air pressure,
_" other variables must remain constant. One of these variables is temperature,

i'_ which was held constantly at 71OF. The other variable that grea+ly affects
the results is aerodynamic drag. This _vas compensated for by building an

"_'%,J;,V
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Table 3. Rod Constant Determination

Rod Number 120 {0.5 inch diameter x 27.5 inches long)

Dumbbell Average Period Rod Constant - K

60. 931 in. -lb-sec. 2 0. 94963 sec. "z667. 383 in. -lb]radian

124. 132 1.35_7o 2666. 350' 188. 101 1. 66900 2665. 858

i
I Average 2666. 530I

!

Rod Number 28 {0.25 inch diameter x 27. 5 inches long}

Dumbbell Average Period Rod Constant - K

27. 500 in. -lb-sec. 2 2. 47825 sec. 176. 765 in. -lb/radian

60. 931 3. 68700 176. 950

124. 132 5. 26440 176 826

188. 10l 6. 47700 !77. 012

Average 176. 888 J

33
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Table 4. Repeatability Test Results

Rod Number 120 Air Bearing Table 60 in-lb-sec 2 Dumbbell

're st Number Date Temp. Period

482 4-19-65 70 I.02633

483 4-19-65 70 I.02630

484 4-19-65 70 I. 026.28
485 4-19-65 70 I. 02628

486 4-19-65 70 I.02632

487 4-19-65 70 I.02627

488 4-20-65 71 1.02622

489 4-20-65 70 1.02617

490 4-._0-65 73 1.02628

491 4-20-65 71 1.02620

Average 1.02627
Standard Deviation .00005

J
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Table 5. Moment of Inertia Determination Test Results

Moment of Inertia Ave rage Calculated Moment Pe rcentage
of Dumbbell Period of Inertia Error

Rod Number 120

No Load 0. 38331 sec 9. 924 in.-Ib-sec 2

60.93t in-lb-sec 2 1. 02627 61. 057 0.2%

124. 132 1. 41212 124. 765 0. 5%

188. 101 1,71655 189. 098 0.5%

Rod Number Z8

No Load 1. 48695 9. 907

ZT. 500 2. 89094 27. 540 0. 1%

60. 931 ]. 97655 60. 945 0.02%

124. 132 5. 46950 124. 733 0.5%

_ ,_ _.Ji. L_I .... __ , .... i .... JL || I __. J i L i _- - ,7 •-:_ '_ "_
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;dr sh;eld as shown in Figure 18 that would keep the drag constant as the load
was changed• The loads used were cylindrical weights, weighing approximately
100 pounds each and were mounted on the table as shown in Figure 19. The

shield was mounted over the weights so that the outcide drag would be constant•
The internal drag was assumed small and therefore was neglected•

The results oi the tests are shown in Table 6. The damping constant C
is used to depict the efficiency of the air bearing table• C is obtained from

1O + C O +KO= 0. (13)

Equation 13 has the solution

-Ct

O = A e"_- sin (qt + #). (14)

Ifmaxinlum amplitudes are considered Equation 14 becomes

-Ct

e:A _-_C (15)

or

In 8: InA- C__tt (16)ZI

r where the natural logarithm of Equation (15) was taken. If 1 n 8 is plotted
against t the slope of the curve will be

-C

ZI

Now if the slope o_ the curve is multipled by 2I the quantity C can be obtained.

I is obtained by calculating the moments of inertia of the specimen on the
table top. Figure Z0 shows a typical plot of test data• Llstead of plotting t,
the total time, the number of cycles are plotted• The time t is then obtained

by multiplying the number of cycles by the average period• Since the period
is relatively constant this method is justifiable. The slopes of the curves

were all taken from 0.00Z to 0. 001 radians since at this amplitude the system
is most efficient. As an example in Figure Z0 the slope of the curve is
0. 003Z9, ZI is 8,8. 978 and C is 0. Z93. This quantity C represents the efficiency
of the system•

&,

._ The results of the tests as depicted in Table 6 show in _eneral that
_ as the load increases the damping increases and as the pressure increases

'_ the damping decreases. Fjr large loads with insufficient air pressure as

i 35
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NOTES:
1. MATL: .090 ALUM.t

• (USE FROM EXIST. STOCK|

' 2. TOLERANCE: ±1/161.03; 1°
3. DE-BUR_ & BREAK SHARP
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!
i

1/2 X 1/2 X 1 X .090
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_' / t SPACEDAS SHOWN

i 120° APART (3 REQ'D)

BOTTOM VIEW

.!i FIGURE 18 AIR SHIELD

37

i

1965021175-052



i

¥

4 23.18" I.D.

i

'- dl_ AiR SHIELD



1965021175-054



Table 6. Damping Constant C at 71°F For Various Loads and Pressures

10 PSI 20 PSI 25 PSI 30 PSI 40 PSI

No Loaa O. 246 0. lq7 0. 197 0. 208 0. 191

200 # O.426 O. 367 O.319 O.2,70 -

400 if O. 463 O.445 O.435 O,371 -

600 # O.490 O.508 O.409 O.474

800 # 2.702 O.67Z O.641 O.588

lO00 # - - O.653 O.650

4O
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shown/or 800# at Z0 PSI the damping is veY7 large. This is caused by the

table dragging on the safety stops. From these test results itis obvious

that the air pressure applied to the table must be programmed dependivg

on the load. Figure ZI shows a plot of damping versus load for five different
.: air pressures. The dampin_ constant is relatively low in all cases except

where the table top drags on the safety stops. This small damping does not;
howtver,'affect the moment af inertia determination since it is corrected

* for in the period decay met_,od. The test procedure for these tests is
included as Appendix A5.

g. Z. 3.4 Aerodynamic Drag Test Program: Aerodynamic drag is known to
have a predominant effect on measuring moments of inertia. Therefore, a
series of experiments was performed to investigate this effect. The test

program consisted of twelve different tests using four drag configurations
and three different moment of _nertia values. The drag plate configurations
are shown in Figure ZZ along with their pertinent characteristics, The
moment of inertia of each plate is calculated about is vertical axis, the

axis of rotation. The objects used to change the mome_,t of inertia of the
table are cylindrical weights as shown in Figure Z3. The characteristics

of the weights are described in Figure Z3. The moment of inertia Iaa_
is the value that will be used for each weight placed on the table since the center
center of gravity of each weight will be located 6.5 inches from the axis
of rotat:.on. Figure Z4 shows how the table is confib, ared during a test,

with weights and drag plate. All tests are performed in the same manner

except for changes in drag plates and weights. The test procedure used
_E for each test is shown in Appendix A6.

The complete results of r_e test program is tabulated in Table 6A.
The calculated moment of i_lertias are obtained by adding the moments of
inertia of each component on the table. The moment of inertia of the table

top is 9.924 in-lb-sec z and the moment of inertia of the drag plates and
weights have previously been described in Fibnares 2Z and Z3. The experi-
mental moments of inertia are .btained by using

I = KTZ (17)

i where K • 2655.96

i The percentage difference is calculated to give a comparison of the two

!1 quantities. The percentage difference of the first three drag configur,_ions
are within the limits of experimental error. The percentage difference of

_! the last three tests can be attributed to high drag losses and an unstable
.:I plate mounting. The damping constant is obtained from

Ie"+c ()+Z e =o. (18)

; 41
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• _ 24.0"-I_

i'

DRAG PLATE - A
i I WEIGHT ..5.1 LBS.
' MASS- .013 LB-SEC2/IH

24.0" THICKt_r_TpS-.122 IN

I MOMENTOF I_ERTIA - ._35 IN-LB-SEC2

AREA - 576 INz

_" - 39.6' '_-I_"
;

_J
-: DRAG PLATE - B

'}i i WEIGHT - 49.2 LBS.236.1" MASS- .128 LB.SEC /IN

°_ I THICKNESS- .092 IN

_ MOMENTOF INERTIA - 16.678IN.LB-SEC2
J I AREA - 1,430 IN2

o

_-" 53 5" "-,

T :)RAG PLATE - CWEIGHT• 50.2 LBS.2MASS- .130 LB.SEC /IN
26.7" THICKNESS-. 125 IN

/ MOMENTOF INERTIA . 30.986 IN-LL';-SEC2

i: _ AREA. 1,428 IN2
f

i

FIGURE22 DRAGPLATECONFIGURATIONS

i,i

!_i _3
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|1

WEIGHT- 99.0 LB.

MASS. .257 LB - SEC2/IH.

RADIUS- 5.0 IN. "--

Mr2

Ioo...... 3.20q IN-LB-SEC2
2 _

laa, : Ioo, ,, ML2 = 14.0_,7IH-LB-S,C 2

FIGURE ;:3 CYLINDRICAL WEIGHTS II_
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i / PLATE
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ii.5"
TABLE 1 "IP

!
I
I

t
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5.0'" 5.0"

\ \
\.-.------ ,£5" 6.5""

, , //I !
I

I i
I I -

I

I
!
I
i
I

CfLINDRICAL WEIGHT ] J CYLINDRICAL WEIGHT T

.-.e--- 6.5" - 4 -- 6.5" _ 4.45"

_L
TABLE TOP

FIGURE 24 TABLE CONFIGURATION FOR TEST
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Equation 18 is the differential equation which describes the oscillating system
at small a.nplitudes ap_roxir_atelv . 002 to . 001 rad'_._ns. The solution of
Equation 18 yields

(19)

where fl is the -¢reouency of the darnl_,_ osculating system. The period of
oscilI=;ion is

T : z_. (z0)
fl

Equation 19 can be rewritten as

i: K (Zl)

wher __-

-C "

a =-_T-" (zz)

is the slope of the curve of the natural logarithm of displacement plotted

against time. The dampina constant can now be obtained by div.di_ 3 the
slope ol the curve by two times the calcu_.ated value of the moment of inertia.

Equation El show_ the relationship between i, B and (_ , As fl increases,
or the period decreasPs, ¢_1,,_ust decrease at aproportional rate .uch that

I remains constant. This eff,_.ct ha_ been verified experimentally and is
shown in Figure Z5 and Z6. For precise moment of inertia determinations
the damping must be considered _:-_the calculations but for t_is quantative
analysis it will not be necessary. Figuzes 25 through 3Z show the effect of
different drag cunfigurations on the period decay rate and the logarithmic

slope.

Upon examining me decay constants for the various ¢_rag configurations
it is obivious that as the size of the drag surface increase;_, especially
away fron) the axis of rotation, the damping constant increases. This
effect is not as obivious with drag plate A because khe drag effect changes
a.e of the came order of magnitude as the experimental errors.

The results of these tests clearly demonstrate the effect of aero-

dynamic drag on a'1 oscillating systerr,.

2.2, 3.5 Temperature Tes' _rogram: The results of the tests to d.'_ermine
the effec_ of temperature change on moment of inertia dete, rrr:ination are

47
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shown in Tables 7 through 10, The procedure followed in performance of the

tests is included as Appendix A6. The resuJts of these tests defi/_itely prove that
that temperature changes affect the aiz" bearing table. To understand these
eifects an investigation of each temperature dependent component must be

undertaken. The components of the system which are most sensitive to
temperature change are; torsion rod, te_ object, air bearing table,

enviromental air and internal air within the table. These separate item.-,
will be discussed in greater detail.

The averages of the three tests are shown in Table 7.

Table 7 Temperature Effect Test Results

Temp. Difference Period Difference Moment of _0 Difference
Inertia of

Dumbbell B &

Table Top

67. l°F I. 02589 sec 70. 8548 in_ib-sec 2
3. l°F 0. 00036 sec 0.07

70.2 1. 02625 70. 9046
7.3 O. 00072 O. i4

77.5 1. 02697 71. 0041

The temperature change seen,3 _o produce a linear relationship _n period
and moment of inertia chaalge since the period difference and the percentage
change in mor_ent of inertia approximately doubles as the change in temper-

ature doubles. These differences are small but they must be corrected to
obtain high degrees of accuracy,

The tdmperature change car, affect the test ob-cct in such a manner
that as the temperature increases the object expands; therefore, its
moment ot inertia increases because its mass has rr.._ved £urther from the

axis of rotation. The cor, v_..'se is also t.r_ for a decrease in temperature.

This thermal effect on mu_,-.:nt vf ;nertia determination is very diffieulat
to compensate fo.r since many test objects are composed of dilxeren'_ materi,tl.
If the ._bject is composed of different materials; therefore, different coeffici-

e:_ts of expansion, it will be very difficult _.o project the _oment cf inertia
at one temperature to another temperature. Thi_ would require that the
moment of inerem of the test object be determined at the temperature
or temperatures required by the customer. _3

I

56

1965021175-072



Table 8 Rod #120 Air Bearing Table (25 PSI) - 60 in.-lb-sec Z Dumbbell
(April Zl, 1965)

Average Period

Test No. Temp Cyc!cs Displacement Range Between
(0.0_2-0. 001 radians)

492 67.1 1280 0,035 - 0.001 1.02588

493 67.1 1300 0.035 - 0.0005 1,02586

494 67.1 1320 0.035- 0.001 1.02593

495 67.1 1320 0.035 - 0.0005 1.02575

496 67.1 1320 0.035 - 0.00C3 1.0258g

497 67.1 1360 0.035 - 0,0005 1.02592

498 67.0 1380 0.035 - 0.0005 1.02593

499 68.0 1320 0,035 - 0.0005 1.02596

500 67.8 1480 0.035 - 0.0005 1.02597

501 68.1 1400 0.035 - 0.0005 1.0Z587

502 68.0 1380 0.035 - 0.0005 1.02589

_verage

Temperatuve _7. I Average 1.0Z589
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Table 9 Rod #120 Air Pearing Table (25 PSI) - 60 in.-lb-sec 2 Dum.bbell

(April 19-20, 1965}

Test Temp Cycles Displacement Range Average Period

482 70 13Z0 0.035 - 0.0005 1.02633

48_ 70 iZS0 0.035 - 0,0005 1.02630

484 70 1320 0.035 - 0.0005 1.02628

485 70 1300 0 035 - 0.00b5 1.02628

486 70 IZ80 0.035 - 0.0005 _.n2632

487 79 1300 0.035 - 0.0_ 1.02627

488 71 1340 0,035 - 0.0n05 1.02622

489 70 1320 0.035 - 0.0005 1.02617

490 70 1300 0.035 - 0.0005 1.02628

491 71 1300 0,035 - 0,0005 1.02620

Average 70.2 Average 1,0Z6Z5

_8
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Table I0 Rod #IE0 Air Bearing Table (25 PSI) - 60 in.-Ib-sec 2 Dumbbell

{April 22, 1965)

Test No. Temp Cycles Displacement RaNge Average Period

503 76.5 1260 0.035 - O.001 I 02699

504 77.1 1220 0.035 - 0.0005 1 02689

505 77.1 1260 0.035 - 0.90C5 1 02693

506 77_5 1300 0.035 - 0.0005 l 02696

507 77.7 1260 0.035 - 0.0005 I 02707

508 77.9 1180 0.035 - 0.0005 1 02716

509 78.5 1340 0.035 - O. OOl 1.02686

510 77.5 1420 0.035 - 0.0005 1.0269U

Average 77.5 Avervge 1.02697

59

1965021175-075



The rod constant .is also affected by temDeratu.-e change since the

rod changes shape as temperature changes. The ro5 constant is calculated
from

K- Gr4 (23)
2L

where G = Modulus of Rigidty

r = Rod Radius

L - R.od Length.

From this equation it is obvious that K would increase or decrease depending
on how fast r 4 or L increased or decreased. Calculations have proved that

K will decrease upon temperature rise since L is so much greater than r,
even with r raised to the fourth power. Since K decreases the moment of

inertia will appear to increase because the oeriods get larger. The converse
is true for a temperature drop. The error can be over come by calibrating

the rod and table at known temperatures.

The remaining items that _ight be affected by temperature change are
the air bearing table, environmental air and the internal air in thp air

bearing. These items are affected very little by temperature change and
any change they do have can be calibrated out at the same time r_e rod is
being calibrated at various tempe_'atures.

In c_nclusion, this test prograrn has proved that temperature does
definitely _fect the determination of moments of inertia. The effect is

relatively small and can be compensated for by calibrating the system at
different temperatures.

2. Z. 3.6 Error Analysis: The erro/- analysis presented here consisto of

determining the effect of different variables on the total moment of inertia
of the object. This analysis is accomplished by taking the total derivative
of the equation used in determining the moment of inertia and calculating

dI
x 100 = % error (24)

I

to determine the percentage error of the total system. The equation used in
determmin s ,noments of inertia is

KT _
I = "K_ ' (25)

60 I!
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The variables to consider are the rod constant K and the period of oscillation
T. The rod constant determil_ation depends upon

T2
K = 4_ T" (26)

which is the same as Equation 25. £u Equation Z6 the period is determined
experimentally, and the moment of ine.rtia I is determined by mathematical
calculations using measured dimension,_ from dumbbell standards. The

period in Equation ZS is determined experimentally in the same manner as
the period in Equation Z6.

The first step in the error analysis is to determine the e_fect of mass
and length tolerances on the moment of inertia of the dumbbell standards.

The dumbbell configuration and dimensions are shown in Figure 33 and
Table 11; and the moment of inertia calculation is as follows

M t = Total Mass.

Assume D A = D B = D, hA = hB = h, RA = RSB = R.

P = _ density; (27)
ZV + V c

where

v =_D_-----_h Iz8)
4

and

vc=_ (zg)4

Mf _h

and "c""t_Z""7__ (,l,__ +D_b

l=Mt T_ +T-_

and

Ic = 'c_.--r+

ItotaI= IA H ivlA R_ + IB + _ i_ + Ic = ZI+ ZMtR_ + I¢
(S4)
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_ 4 ,35,
Since

Itotal=f(Mt, D, h, hc, Dc, R) (36)

the total derivative of itota] must be taken with respect to l_It, D, h, he,
Dc and R.

Therefore, the total differential for moment of inertia ot the dumb-
bell where

I_- f (Mr, D, h, he, Dc, R) (37)

is

dl = _I dM t + _I dD + _I dh + _I dh c + _i__ dD c + _I dR. (38)
_M t _D _h _hc bD e bR

Using

I = M t (2D'_h + D_h) "1 _h +._ + R _ + D_'h c + 39)

the partial derivatives of I become:

hi--i-= (ZD2h + D_hc) -1 ZD_h + + R + D_hc + 121 /(40)bM t

b--D = Mt (2D2h + D_hc)..2 (4Dh) Dh ; T_ + R + D_I, c +

ha
+ Mt {2D_h + D_h:)-I h + +-- + R _ 4D (41)12

31b__h= Mt (2D_h _' D_hc ),-2 2D _ D_h + T_ �+k!6 +

+ Mt (2Dah + DSh _-I (D_hs3 I--_-['_2+-_2+hs R _ ) (42)
, c c _ I -- 2D _

\ +LI6 _

bh"'¢_I= Mt _h T_ +
(2D_h + D_hc) "2 D_ + + R + D_h c

6Z
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�Mt (2D2h+ D_hc)'l D__62 +D_ _6+ h__12 (43)

_D--'-_I= M t (2D_h + D_h¢) "2 2Dch¢ D_h -_ + _12 + R + D_h¢ +

___I= Mt (2D2h + D_h¢)'l 4D_hR (45)_R

The Computation Laboratory at NASA prepared a computer program
and obtained solutions to these equations. Figure 34 shows the computer

program, aud Figure 35 shows the solution print out using data from Table 1 I.
Table 12 shows the results of the partial de,'ivatives in Equations 40 through
45 where the data in Table II has been used. Table 13 shows the change in

moment of inertia dI for various tolerance of dMt, dD, dh, dh¢, dD c and dR.
Data from five different dumbbells is shown.

The change in moments of inertia dI as shown in Table 1B was used
to determine the change in rod constant dK. Equation 46 is used to evaluate
dK. The total derivative of K where K = f (I, T), is

dK : _K dI+ _K dT. (46)
_I _T

Partial derivatives of K are

5K - 4_ (47)

and

_K = -8_ I (48)

Now

dK= 4_ dI I dT. (49)

The positive sign is used for rnaxirr:._.-n error. The sample values used
are from data obtained frorn the suspended pendulum tests. Table 14 shows

63

1965021175-079



Table ll Dumbbell Dimensions

Dumbbell A B C D E

D A 5.93g125 6.3759_ 6.6268125 10.0012 9.998166

D B 5.938125 6.375325 6.6266875 i0.001225 9.9973

D C 0.o81333 i 94658 1.94905263 1.9850 1.95384

hA 4.500125 5 00015 8.4420 3.8749 5.9940

hB 4.50025 5 000025 8.4420 3.875275 5.993625

hC 19.502875 25 99995 20.05775 28.269575 26.005125

R A 12. o0168 15 49999 14.24961 16.07302 15.99774

R B 12.00138 15 50005 14.25014 16.07302 16.00120

M t 0.19442 0.29274 0.49117 0.51547 0.75463

FIGURE 33 DU_BBEL.L CONFIC,URATION
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Table 1_ Partial Derivatives of I

Dumbbell A B C -5 E

bI 0.3667Z 0.53967 0.50_98 0.6Z445 0.64615

b M t

_I I0.84618 21.38_28 33.1489Z Z7.37601 4_ 85511
bD

_I 11.94164 2i.5_538 2Z. 09401t 59.22627 60.50154
_h

3I 0.13178 0.82883 0.67539 1.3100 _ 0.92QIZ

5h c

_I 3.83598 15.54467 I0.7627_ 20.0_75 13.0_619

_D c

aI 4.40619 " 7.30479 12.69358 14.48849 22.29767
_R

67

1965021175-083



Table i'5 Total Differentials of I for Various Tolerances

dl dM. dD dh dh dD dR % Error
C C

L

Dur,_-bcll A 0_ _4_2 G. _.0 0.01 0.01 0.01 o.01 0.01 1.26

B £. 7201 ........ !. _8

C 0. q47r- ........... I.02

D _.. -_844 .... ....... l- O)
E i. -30 ! _; ........ 0. 79

A 0 '2,,8 0.i0 0.001 0.001 0_001 0.001 0.001 0.25

_" 0. 1032 ........ 0 17
C 0. 1403 .......... 0. ib

D 0_ 1846 .......... 0. 14
E 0. 2082 .......... 0. II

i_ 0._48 0.0t.0 o.00! 0.001 0.00l 0_00.1 0. G01 0. lJ
B 0. c_720 .......... 0. 12
C 0. 0o4_ .......... 0 10
D 0. 12_4 ............ 0. I0

E 0. 150t ........ 0 C_

A 0 0_[5 0. 001 0./,_," i 0. 001 0. 001 _. f:ol 0.00! 0. 11
B 0 0672 .......... 0. 1 !

C 0 0902 ............ 0. ;.0

D 0. _22_ ' ........ O. 1O
F. 9. 144 _ ........ O. 08

.x 0.00346 0.00i 0. 0001 0. 0001 0. 000! 0 0001 0. 0001 0. (_i2
B 0. 00720 .......... 0.0i I

C 0. 00948 ............ 0. 010

D 0. 01284 ....... ' .... 0. 010
E 0 01502 ............ 0.007

A 0.00315 0.0001 0.0001 0.0001 0.0,)0| 0.0001 0.000! 0.011
B 0. 00672 ....... ' 0.01 I

' C 0. 00902 .......... 0. 009
I) 0. 0122B .......... 0. 009
i'_ 0 01443 ........ 0. 007
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T-ble ' 4 Effect of dI and dT on dK in Suspended _._endu!um
Rod Cal;.bxatton Test.

$uspenced Pendulum Test Duinbbe]l C Rod _120

I : 60. 9308

T = 0. 94968

_K 4n _

g-i- : -_ - 43.7728

_--#-: -/r-- : 56i6.854
dK -- (43. 7728) dl 4 (_616.854) dT

dK dI dT

49. 3896 !. 0 0. 001

27. 5033 0.5 0. 001

9. 994! 0. I 0.00!

4. 8156 0. 1 0. 0001

Z. 7501 0.05 0. 0001

2. 2447 0.05 0.00001 (10 -5)

0.9994 0.01 0.0001 (10 -4 )

0.4938 0.01 0.00001 (10 -5 )

0.2750 0.005 O,O00Cl (10-5)

0.2245 0.005 0.000001 (10 -6 )

0.0494 0.001 0.000001 (10 -6 )
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the results of these calculations.

Using the w-_lu_sof the change in rod constant dK and the change in

period dT, the ¢otalchange in the moment of inertia dI can be determined. '_

b's__ngEo,uncton Z5 the totalderivativ _.of I where I = f (K, T) is

dI : b-! dK + b_fldT. (50) :
_K _T

Partial derivatives of I are

bl T 2 _

bK 4.--_" (51)

and

5I KT
bT - Z_ (SZ)

Now

T2 KI dr. (Sa) i
dl= 4--_ dK+z-- _

Sample values used are from data obtained from the suspended pendulum ."
tests. Table 15 shows the results of these calculations,

The results of this zrror analysis shows how specific variables affect

the ¢inalaccuracy of the moment of i.lertiadetermination. Figure 36

graphically shows the results of Table 13. The effect of dM t and dL, the

change in length m,._asurements, upon the dumbbell moment of inertia change
dl for five dumbbells is shown. The solid curves sl-.ovJthat for dl, = 0.001

the increase in accuracy of the mass measurement dM t doe._not significantly

increase the accuracy af the moment of inertia dl. However, the increase r

in accuracy of the moment of inertia dl is significantlyimproved by

increasing the accuracy of dl.

Figure 37 graphically shows the results of Table 14. The values

dT = 0.0001 and dl = 0. I are typical of the values that are obtained pr£sently.

From these curves itis noted that an increase in the accuracy of the

dumbbell standards dI would increase the rod constant accuracy dK more

than an increase in period accuracy dT.

The results of Table 15 is sbown graphically '-nFigure 38. Again
the effect of the rod constant accuracy dK is much more important than !.

period accuracy dT. the present accuracies in moment of inertia deter-

ruination are approximately 0.05% as shown in Figure 38. This figure is
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Table 15 Effect of dI of Standard and dK on dT

Suspended Pendulum Test Dumbbell C Rod #120

T - u. 94968

K -- 2667. 383 ,

_T T2

_-'K =4--_ - 0. C['284

_I KT
T - _ = 128.33Z

dl = (.02284) dK + (128.332) dT

dI dK dT %Error

1. 2707 50 O. 001 2. 08%

O. 3567 10.0 O. 001 O. 58

0.1784 5.0 0.0005 0.29

0.1270 5.0 0.0001 0.21

0.0585 Z.0 0.0001 0,096

0.0357 I.0 0.0001 (10"4) 0.058

0.0127 0.5 0.00001 (10-5) 0.020

0.0115 0.5 0.000001 (I0"6) 0.018

0.0024 0. I 0.000001 (10-6) 0.003 _"

0.0013 0.05 0.000001 (10"6) 0.002
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obtained from a dK of I. 0 and a dT of O. OCOl° To obtain ar accuracy of
O, 01% the present accuracy of dK and dI must be increased by an order of

magnitude; but, dK is still the prime factor.

2.2.3.7 Conclusions: The expezimental test program has p:zoven that the
torsional pendulum air bearing table is a very accurate and efficient method

for determining moments of inertia. The error analysis has shown what
accuracies in moment of inertia determinatior can be obtained for ccrtain

accuracies "n period and rod constant value. Presently the period mea-

surement appears to be sufficient but an incr¢:ase in the accuracy of the
rod constant value by a factor of ten will increase the overall moment of
inertia accuracy to approximately 0.01 of one per cent. With these

capabilities _n the basic system other variables can be easily calculated
out or compensated for. Some of these variables were investigated, such
as temperature, aerodynamic drag and table load. The moment of inertia

of an object will have to be given at a known constant temperature because
the mcment of inertia of an object is temperature dependent. This is
true because an object will change shape depending on the thermal coeffici-
ents of the material in the object. The thermal effect on the table can be

corrected at different temperatures. The aerodynamic drag will be com-
pensated for by using the period decay rate of an oscillating system to
determine the true moment of inertia. The effects o" various loads on the

table has been investigated experimentally so that the optimum air
pressure can be applied to the table to provide the best table performance.
Since all variables can be compensated for, the accuracy of determining

moments of inertia on the air bearing table can be increased to 0.01 of
one per cent without much difficulity.

2. Z. 4 Automated Systems Development

2.2.4.1 MIA Prototype Development

2° 3.4.1o 1 Technical Discussion: Various methods of accurately determin-

ing the moments of inertia of physical bodies have been investigated. The

decaying osc_!iation method employing a gas bearing supported torsional
pendulum appears to hold the most promise at preser.t. In use_ the pendulum
is given an initial angular displacement and allowed co oscillate down to
zero amplitude. The idea is to measure {or matheraatically determine} the

period of oscillation _.s the amplitude approaches zero. Knowing the period
and the torsion rod constant, the moment of inertia can be determined from:

I = t_T_ (54)
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2.2.4.1.2 Procedure

2.2.4.1. Z. 1 Photocell T-ansducer Methoa: In order to measure the

oscillation periods without affecting the oscillating system, two methods
of detecting the oscillations have been investigated in the laboratory. One
method involves the use of a photocell to detect the motion of a small wand

attached to the oscillating mass. This method has proved quite successful,
to a point, and is presently belng used as a reference.

Z. 2.4. 1.2. Z Capacitance Transducer Method: The oscillation detecting
method using capacitance tranducers has also been investigated in detail.
Th_s is the method with which we are most concerned. In the MIA proto-

type, one plate of a capacitor is attached to the oscillating system. Motion
causes the capacitance of the capacitive transducer to vary. The capacitor
is connected as part of an oscillator tank circuit. Motion produced in the

capacitive tzansducer results in frequency modulation in the oscillator
ta_,k circuit.

2.2.4. !. Z. 2.1 The Prototype Capacitor: In the original system_ the
capacitor's movable plates were mounted on one end of a ple_!glass arm.
The ether end was attached to the free end of the tsrsion rod. The fixed

plates, along with the other oscillator con-_ponents_ were mounted in a
metal box ha;ing an opening to allow "_he capacitor's i_!_tes to mesh.

This arrangement was subject to vibrations and was not well shielded,

It required disassembly each time the torsion rod was changea. To improve
on this _rrangement, a cyhndrical capacitor was built.

Z. 2, 4.1.2.2.2 Cylindrical Capacitor: The transducer, with which this
report is primarily concerned, consists of al,:rninum plates which are
cylindrical segments mounted co-axially "-_lth the torsion rod as shown ,n

Figure 3.-). The movable plate, which is electrically floating, is mounted
_o the torsion rod's upper support. This arrangement makes it unnecessary
to remove part of the c:,paclt_,._- wl, en torsion rods are interchanged. The
other oscillator components bare been removed from the capacitor housing

and relocated on the chassis w_th the other circuitry. A padding capacitor
is located on the capacitor hou_,ing to provide a means for adjusting the
osc;llator's center frequency. Although _he shielding is much better than
with the prototype capacitor, some d_tuni_g is noticed while adjusting the
padde c.

2.2.4.1.2.3 Revised System: A block diagram of the r,_vised prototype
system is shown in Figure 40. The capacitance transducer is in the tank
circuit of the 4.5 megacycle L-C oscill_ttor so that the penduhtm's

oscillations cause frequenuy modulation of the o_cillator's oueput voltage.
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The 4.5 megacycle cente:" frequency was chosen on the basis of resolution

and c_rnponent availability. The output from the oscillator is anzplLfied
and £cd to a frequency discriminator. The output waveform from the
discriminator is a replicJL of pc:ndulum motion. This output is repetitive)y

arnplified and clipped to :aise the rise time after which it is differentiated
to produce alternating positive and negative pulses. These pulses revresent
the zero crossing points of the oscillations. The positive pulses are

attenuated, leaving one negative pulse per osciUation. These negative
px,lses are scaled down by a zactor of two by the monostable multivibrator

to provide a sauare wa:e gating vo!tage for the decade counter. The
duration of the gating voltage is equal to the period o_f os=iLlation of the

pendtttum. The gating voltage occurs every other cycle, thereby &l_towing
time for the counter to be read, Electrical schematics of the sTstem are
located in Appendix A8.

To compare the accuracy of the revised system to the photocell
met_.od, eisht tests were run. The tests were randomized to minimize

setup variables.

Three torsion rods were used and mass was added to the table to

make the periods approximately t, 2, h 3 seconds for each rod. (The 3
second test was inadvertantIy omitted for the li4 in. dia. rod) A trial

run for each tes_ gave the approximate starting amplitude necessary to
produce 200 cycles before the readout oecame erratic. The test data is
given in Table 16, an] the test procedure is contained in Appendix Ag.

2.2.4. I. 3 Test Results: Test data reveals that at low amplitudes the

period measurement can be relied on only to three signi/icant iig,_res with-

out averaging. This is due to noise which is experience_ at these low
amplitudes. This is caused by the inability of electronic equipment to
accurately determine zero crossover of low arr..plitude sine waves.

The scatter pattern in some of the tests suggests eome periodic
disturbance. />lots of testo No. 19 7A, & 8 are included for reference.

(See Figures 41, _2, ar.d 43) The plot of test No. 7A, a repeat of test
No. 7 rml at _ larger amplitude, shows thi._ periodic disturbance. Plot of

test No. 1 also indicates periodic disturbances even though the test was
at a lower amphtude. Although test No. 8, typical of the low amplit_ade
tests, clearly shows a large disturbance, it doesn't appear to be periodic.

The periodic effect can possibly be attributed to 60 and 12.0 cycle hum
components, although this could not be definitely determined. These
components can be observed on the _,oltage waveforms whe_ the mechanical

amplitude becomes very low.
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AVERAGE PERIOD--SECOND_'

FIGURE 44 TIMING ANALYSIS
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A look at the mean error curves shows quite an increase in error near

Z cycles_ the largest error being 0.08%, No explanation has been found for
this effect.

2. _. 4. 1.4 Conclusions: In view of the results presently obtainable with the

two n-ethods, and in consideration cf the relatively small amount of equip-
ment needed with the 2hotocell method, it appears that it has the greater
promise for improvement. The capacitance method, however can be

improved considerably.

Z. Z. 4.1.5 Recommendations: The sensitivity of the capacitor transducer
can be increased by reducing the plate separation. Another increase in

•qensitivity can be had by reducing the transducer's shunt capacitance which
at present is perhaps 10 times that of the transducer. This would r_quire
relocating the oscillator into the transducer housing and using a variable
tank inductance for tuning, thus eliminating the cable capacitance and

padder now being used. Mechanical rigidity of all oscillator components is
essential. Another increase in sensitivity can be obtained by using a narrow

band F.M. detector. A limiter stage ahead of this might be desirable.
Better hum filtering techniques should also be inves_.igated such as inter-

stage decoupling and D.C. heater supplyp along with shielding techniques.

All of the above measures would increase the signal to noise ratio.
It might also prove helpful to co_ider transistors rather than tubes, to
reduce the likelihood of microphonics,

2.2 4.2 MIB Prototype Development

2, 2.4.2. I Prob)em Definition: A major objective of the contract effort is
the design of a mechanical/electrical system capable of automatic and
accurate determination of moment of inertia. Before a design was finalized,

a feasibility study was made with an analog prototype, to ensure that the
final product performs the anticipated function. In this feasibility study,
new e_uipment design was minimized, forcing the engineer to optimize the
use of available equipment in an attempt to conserve time that could be used

for developing the final product.

The heart _f the new design is an air-bearing table that is forced to

oscillate by means of a torsional rod attached to the table and placing an
initial displacement on the table (Figure 45). This equipment satisfies the

basic pendulum equation. Instrumentation of the table was used to study
the damped sinusoidal output for determination of themoment of inertia of
the object under test,
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The tests performed using this table were accomplished in a tempera-

ture and humidity controll_d environment. The air-bearing table exhibits a
minimum of frictional forces _nd extreme care was exercised in the manu-

facture of the torsion rods. These precautions ensured the accuracy and
repeatability o£ measurements.

Lab_ :atory determination of K (torsional rod factor) was made by

using the _ir-bearing table with a laboratory standard for moment of inertia.

Oscillatory periods of time were measured with a counter-timer unit and

associated photocell detection device and collimated light source. Detection

of the zero-axis-crossing ot the oscillatingtable was made by breaking a

lightbeam (by a wand attached to the table) that is incident to the photosen-

sitive surface of the photocell. When the lightbeam is broken, a change

of bias is noted in a transistorized amplifier creating a trigger, which

excites a bistable multivibrator circuit; this, in turn, starts or stops

the counter. This method of measuring an oscillatory or rotating period

o£ time is well recognized as standard.

Z.Z.4.2. Z Problem Solution: The proper utilizationof available signals

and equipment permitted the computation of the moment of inertia through

the equation, I = Kt s. No attempt was made to determine additional me_s
effects, which include aerodynamic and minute drag of frictional losses
encountered by the table. Compensation for the additional mass effects

would have complicated this study beyond the feasibility phase but in the
final design of the device, compensation will be made for mass effects.

The calculation of the moment of inertia through the equation I = Kt 2
was performed by an analog computer utilizing a voltage analogous to the
function t. An established method of simulating a linear function of time

in an analog computer is the derivation of a ramp function. A ramp function
is derived by the integration of a const%nt. Thus, if the computer reference

voltage can be controlled in regard to the beginning and the ending of the
ramp, a ramp analogous to the function t can be obtained.

To switch the computer reference voltage synchronous with the period
of oscillation of the air-bearing table, it was necessary to develop an
electronically controlled switch. As depicted in Figure 46, a pulse is

generated by the photo-electric timing device at each zero crossing of the
oscillatory period. These pulses were arnplified and used to trigger a
multivibrator, yielding a square wave of 1/2 period duration. If this square

wave is amplified, as shown as the amplified wave, and this amplified wave
is shaped by a resistance-capacitance circuit and the positive pulses are

removed by diode blocking, two negative pulses are developed as shown b F
the multivibrator input waveform. These pulses are a direct result of
photocell detection of one oscillator), period.
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These pulses were used in a conventional m_ner to trigger a bistable

multivibrator. Dy substitution of a suitable plate circuit relay in one of tL_
bistable multivibrator plate circuits (in plac_ _" a load resistance) the
relay operated synchronous, with one oscil] ,tory pe,iod of tLe air-bearing
table. Thus, the operation of an electron c switch .x_as obtained for com-

puter control.

Z. Z. 4.2. Z. 1 Computer Solution: Figure 47 illustrates the overall functional

diagram of the designed interface ecluiprnent, and analog computer patching
required for the solution of the study program. Study of Figure 47 will

clearly define the operation of this system. From the interface output,
the opening and closing of the relay switches the computer reference
voltage on the integrator input synchronous with the oscillatory period. A

rmnp function of sawtooth voltage is derived, whose period is also equal
to the oscillatory period. This ramp function is squared and then multiplied
by a constant, equivalent to the torsional rod constant. The resultant

product, the gross mol_,_nt of inertia (composed of the moment of inertia of
the test specimen al,d th_ oscillating portion of the air-bearing table), is
read from the computer digital voltmeter. Further refinement of the

computer circuit may be accomplished by subtracting from the resultant

product the moment of inertia of the air-bearing table. Figure 48 illust-
rates the developed prototype, referred to as MIB, and the completed
interface equipment and analog computer are illustrated in Figure 49.
Figure 50 is a workin_ schematic of the developed p2ototype, MIB.

2.2.4, 7.7.2 Computer Scaling: Scaling of the computer is not only essen-
tial for the quantity K, but also to prevent computer overloading. (Scaling
is accomplished on the con'_puter by the use of potentiometers for voltage

division). The necessity of timc scaling of the ramp flmction is obvious.
If the potentiometer setting were se]ected for a ramp function analogous
to an oscillatory period of one second, the computer would overload for

any oscillatory period greater than one second. Scaling represents a
minor problem, but for some instances of moment of inertia determination,
it may be necessary to proportionally scale the readout of the digital
voltmeter.

Scaling of this output can be avoided if the maximum ramp func'_:,on
is selected for a very large oscillatory period, foz example 10 seconds.
This car. be done--at the expense of accuracy--in cases where the period

is less than 1 second, since the constant voltage from which the ramp was
derived would be very ._mall. General computer practices discourage the

use of very small voltages, since undersirable low-level signals may affect
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FIGURE 48 PROTOTYPE MIB
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the overall result.

2.2.4.2.2.3 Accuracy Considel-ations: Several factors determine the
overall accuracy of the determination of the moment of inertia:

(l) The overall accuracy of the computer is vublished ranging
_f_-omO.1 to I.070.

(_) A small, but rneasurable, quantity of time is lost by the

interface equipment plate circuit relay. This time was

rzleasured and appeared to be cons_t at approximately

6 microseconds. No adjustment to the cox_puter program
could be made for such a minute er=or.

(3) To reiterate, no compensation for additional mass effects

was attempted in this feasibilitystudy.

Z.2.4.2.3 Testing and Analysis: PrelL-ninary testing of the az;alog system

and prototype unit was sufficientto prove the feasibilityoi design of the

more accurate final product. In order that the accuracy and repe_.tability

of the analog system be ascertained, final testing consisting c0ffive tests
was accomplished us._.nglaboratory standards of moment of inertia for

comparison purposes.

Tables 17 through Zl depict the results of al1 final testing performed.
It should be noted that both percent time and percent moment o£ inertia
errors were determined.

2. Z. 4.2.3. I Laboratory Equipment Arrange,_ent: The equipment arrange-
ment employed in testing consisted of the 24-inch air bearing with torsion

rod and laboratory test standard, light source with photo detection unit

which triggers_the laboratory counter/timer unitse and the analog system.
Figure 51 illustrates the equipment arrangement used in testing.

Each test was conducted under as near-identical conditions as

possible, in regard to temperature, humidity, table air pressure, and

original table displacement. Sufficient wart, t-'Up period was allowed in all
c_ses for the electronic equipr_lent utilized. Scaring of the analog computer

(time and amplitude) was set as accurately as possible. By controlling
these.variables and varying only _e laboratory test standards, conditions

_,,
for testing are optimized by minimization of external functions.

Testing progressed in a usual manner as described by established
laboratory techniques. After the installation of the desired torsional

rods and laboratory standards on the air bearing table, the table was
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Table 17 Prototype MIB Moment of Inertia

Determination Capability Final Test No. 1

Date: April 7, 1965 Air Bearing Table Pressure: 25 PSI
Computer Time Scaling: I0V = I0 seconds Original Table Displacement: .035 radians

Begin End Torsion R.od Factor:

Test Time 8:I0 a.m. 8:35 a. rn. Testing Personnel:
Temperature 70 70 A. Berisford

Humidity 42_/0 44°/0 K. Comer

Cycle Time Time _ '_'ne Moment of Moment of _/0Moment of

No. (Computer) (Actual) Error Inertia Inertia Inertia Error
Seconds Seconds (Measured) (Calculated)

in-lb-sec 2 in.lb-sec 2

100 1.490 I, 48722 0. 187 !0.20 9. °lZ 2.90

• 200 1.490 1.48724 0.186 10 _0 o, 912 2.90

3C0 1.490 1.48718 0,190 _ ,20 q. 912 2.90

400 1. 490 I, 48703 0. 200 20 O. 912 2.90

500 1.490 1,48705 0. 198 10, Z0 ' '2 2.90

600 1. 490 !. 48'?28 0. 183 10.20 9. 912 Z. 90

700 1. 490 1. 48685 0. 212 10.20 9. 912 2.90

800 1. 490 1. 48668 0. 223 10.20 9. 912 2, 90

i
900 1. 490 1. 48702 0. 200 10.20 9. 912 2.90

1000 1. 490 1. 48717 0. 190 10.20 9. 912 2.90
Mean Value

of Data 1. 490 1. 48707 0. 19"7 10, 20 9. 912 2.90

m • , i _

Requ !r ed_.Equiprne n_t _,

I. Prototype MIB with Hewlett Packard ?I2B Power Supply

2. Electronic Assoclates TR-48 Analog Computer 3-
3. Hewlett Packard 524 Counter with associated Printer

4, Photocell Detection Unit and light source

!'5. Accurate Instruments Counter 51553 f
6. 24 inch Air Bearing Table with Torsion Rod Number 28
7, Laboratory Test Standard: None

R. _nduslrial Instruments Digital Voltmeter DVM-2
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Table 18 Prototype MIB Moment of Tnert'a

Determination Capability Final Test No. 2

Date: April 7, 1965 Air Bea:'ing Table P:-essure: 25 PSI
Computer Tirne Scaling: 10V = I0 seconds Original Table Displacement: .035 radians

Begin End Torsion Rod Factor: 4. 4809
Test Tir_e 10:42 a.m. I I. 31 a.m. Testing Personnel:

Temperature 73°y V0°F A. Berisford

Humidity 46% 40% K. Comer

Cycle Time Time % Time Moment of Moment of % Moment of

No. (Computer) (Actual) Error Inertia Inertia Inertia Error
Seconds Seconds (Measured) (Calculated)

in-lb-sec 2 in-lb-sec 2
T

I00 2.880 2.89134 0.392 37.30 37.412 0.299

200 2. 880 2.89123 0.388 37.30 37.412 0.299

300 2. 879 Z. 89i21 0. 422 37. 30 37. 412 0. 299

400 2.880 2.89119 0.387 37.30 37.412 0.299

500 2.879 2.89114 0.420 37.30 37.412 0.299

600 2. 880 2.89121 0.388 37. 30 37.412 0.20,9

700 2. 880 2.89100 0.380 37. 30 37.412 0.299

800 2. 880 2.89107 0.383 37. 36 37.412 0. 139

900 I 2.880 Z.89167 0.404 37.37 37.412 0. I12
I

I000 [ 2.880 2.89074 0.372 37. 37 37.412 0. I12
I

Mean Val_
9f Data | 2.880 2.89118 0.394 37.32 37.412 0.246

! , , e

Required Equipment

I. Prototype MIB with Hewlett Packard 712"_ Power Supvly
2. Electronic Associates TR-48 Analog Compute _
_. Hewlett Packard 524 Counter with associated Printer

4. Photocell DeLection Unit and light I¢,.Irce
5. Accuc._te Instruments Counter 51553

6. 24 inch A_, Bearing Table with Torsion Rod Number 28
7. Laboratory l_est Standard: 30 in.-Ib-sec 2

8. Induslrial Tnstruments Digita-'_VoTtmet-er DVM-Z
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Table 1° Prototype MIB Moment of Inertia
Determination Capability Final Test No. 3

Date: April 7, 1965 Air Bearing Table Pressure: 25 PSI
Computer Time Scaling: 10V = I0 seconds Original Table Displacement: . 035 radians

Begin End Torsion Rod Factor: 67. 08535

Test Time 13:45 p.m. [4:05 p.m. Testing Personnel:
Temperature 72OF 72°F A. Berisford

Humidity 44% 46__n L. FretweU

Cycle Time Time .% Ti-me Moment of Moment of _/0Moment of
No. (Computer) (Actual) Error Iner'L!a Inertia Inertia Error

Seconds Seconds (_edsured) (Calculated)
in-lb-sec 2 in-lb-sec 2

100 1.030 1.02776 0.218 74.49 70.843 5.!5

200 1.030 1.02738 0.255 74,49 70,843 5,15

300 1.030 1.02713 0.279 74.50 70.843 5.16

400 1, 030 1. 02698 0. 294 74.50 70. 843 5. 16

}
500 1.030 1.02687 0.305 74.49 70.843 5.15

600 I.030 I.02676 0.316 74.40 70. 843 5.0Z
f

700 I.030 I.02674 0.318 74.40 70. 843 5.02 i

800 1.030 1.02670 0.321 74.30 70.843 4.88 "_

900 I.030 I.02662 0.329 74. 30 70. S43 4. 88

1000 I.030 I.02669 0.322 74. 30 70. 843 4. 88.
Mean Val le

of Data I.030 I.02696 0.296 74.42 70. 843 5.05

Rec_uired E uipmentq ,,, ,

I. Prototype MIB with Hewlett Packard 712B Power Supply _-
2. Elect_-onicAssociates TR-48 Analog Corr.puter I"
3. He_lett Packard 524 Counter with associated Printer

4. Photocell Detection Uni_.and light source

5. Accurate Instruments Counter 51553 t_
6. 24 inch Air Bearing Table with Torsion Rod Number 120

7. Laboratory Test Standard: 60" lb. sec 2

8. Industrial Instruments Digital Voltmeter DVM-2
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Table 20 Prototype MIB Moment of Inertia

Determination Capability Final Test No. 4

Date: April 7, 1965 Air Bearing Table Pressure: 25 PSI

Computer Time Scaling: 10V = 10 seconds Original Table Displacement: .035 radians

Begin End Torsion Rod Factor: 67. 08535

Test Time 15:05 p.m. 15:30 p.m. Testing Persoimel:

Temperature 7Z°F 72°F A. Berisford

Humidity 46% 46% F. Pauli

Cycle Time Time % Time Moment of Moment of % Moment of
No. (Computer) (Actual) Error Inertia Inertia Inertia Error

Seconds Seconds (Measured) (Ca]_culated)
in-lb-sec 2 in-lb-sec 2

100 1.430 1.41386 1.141 138.0 134.044 2.95

200 1.410 I 1.41332 0.234 138.0 134.044 2.95

300 1.410 1. 41297 0.210 138,0 134. 044 2.95

400 1.410 I. 41276 6.195 138.0 134,044 2.95

500 1 1.410 1. 41261 0.184 138.0 134.044 2,95
@

600 1. 420 1. 41241 O. 537 138.0 134. 044 2.95

700 1.410 1.41233 0.164 138.0 134.044 2.95

800 1.410 1.41223 0.157 138. Q 134,044 2.95

900 1.420 1.41226 0.548 138.0 _34. 044 2.95

1000 1.410 1.41230 0,162 138.0 134.044 2.95
ean Valud

fData 1.414 1.41271 0.353 138.0 134.044 2.95

Recluired Equipment

1. Prototype MIB with Hewlett Packard 712B Power Supply
Z. Electronic Associates TR-48 Analog Computer
3. Hewlett Packard 524 Counter with associated Printer

4. Photocell Detection Unit and light source
5, Accurate Instruments Counter 51553

6. 24 inch Air Bearing Table with Torsion Rod Number 120
7. Lsboratory Test Standard: 120 in. lb-sec 2
8. Industrial Instruments Digital Voltmeter DVM-2
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Table 21 Prototype MIB Moment of Inertia
,Determination Capability Final Test No. 5

Date: April 8, 1965 Air Bearing Table Pressure: 25 PSI
Computer Time Scaling: 10V = I0 seconds Original Table Displacement: .035 radians

Begin End Torsion Rod Factor: 4. 4809
Test Time 8:30 a, rn. 9:40 a_ m. Testing Personnel:

Temperature 70°F 70OF C. Bridges

Humidity 42% 44% A. Berisford

Cycle Time Time _oTime Moment of Moment of °f0Moment of

No. (Computer) (Actual) Error Inertia Inertia Inertia Error
Seconds Seconds (Measured) (Calculated)

in.lb-sec 2 in-lb-sec 2

I00 3.960 3.97754 0.440 70.30 70,843 n 766

200 3.960 3,97705 0.428 70.30 70,843 0.766

300 3.960 3.97670 0.419 70.30 70,843 , 0.766

400 3.960 3.97692 O.425 70.30 70,843 0.766

500 3.960 3,97711 O.430 70.30 70. 843 O.766

600 3.960 3.97683 0.423 70, 30 70. 843 0.766

700 3.960 3.97645 0._13 70, 30 70. 843 0.766

_00 3.960 3,97856 0.466 70.30 70. 843 0.766

900 3.960 3.97534 0.385 70, 30 70. 843 0.766

1000 3.960 3.97668 0.419 70.40 70. 843 0.625

Mean_ _al _e

of Data 3.960 3.97692 0.425 70.31 70. 843 0.752

Required E_uipme.lt

I. Prototype I_IB with Hewtett Packard 712B Power Supply

2. Electronic Associates TR-48 Analog Computer
3. Hewlett Packard 524 Counter with associated Printer

4. Photocell Direction Unit and light source
5. Accurate Instruments Counter 51553

6. Z4 inch Air t_earing Table with Torsion Rod Number Z8

7. Laboratory Test Standard: 60 in.-Ib-sec 2 ---'--
8. Industrial _n_truments Digital Voltmeter DVM-2 i

lO0 _

1965021175-116



displaced to 0,035 radian and released. The measurements of periods
(by the laboratory counters and the analog computer) and calculation of
moment of inertia (by the analog computer) were made for the hundrt dth

through the thousandth cycle at 100-cycle intervals. This range is
compatible with normal moment of inertia calculations utilizing the ?_4-
inch air bearing table.

It should be noted that Final Test Number 1 was made without a

laboratory moment of inertia standard. This test was made to determine

the moment of inertia of the air bearing table, Tn Tests Number Z through
5, the moment of inertia of the table is additive to that of the laboratory
t&ndard.

Z. 2.4.2.3. Z Tzme Errors: The final testing of thc prototype system indi-
cates a mean time-error r_nging from 0. 197 to 0,425%. Tnis is well
within the published accuracy of the computer, which should contribute
the major portion of the error encountered. (The time error of the

electronic switching unit was measured at 6 microseconds difference. )
One point should be noted "from the test data. The actual time was

measur6d to only three significant digits beyond the decimal point. This
condition was dictated by the capacity of the analog computer and digital
voltmeter. Si,ce the error is within computer accuracyj further investi-
gation and analysis is believed to be unwarranted,

Z. 2.4, 2.3.3 Moment of Inertia Errors: The mean of moment of inertia

errors ranged from 0. 246 to 5.05%. It should be reiterated that the

over-all published accuracy of the computer ranges from 0.1 to 1.0%.
For most operations utilizing linear function generations, the accuracy will

be well within stated limitations. However, the computation performed for
moment of inertia deterrnination requires a non-linear operation; namely,
squaring.

The TR-48 analog computer performs the squaring operation by
diode-resistance networks. Electrical conduction through the diodes

occurs at discrete levels. Thus, a squaring-curve is composed of many
segments of straight line, rather than a smooth curve. It should be
realized _nat a limitation to the number of diode resistor circuits oxists.

The number of circuits utilized _n the squaring operation determines the
accuracy of the operation.

From the data, a trend fox better accuracy of moment of inertia
determination is evident when relatively large period of oscillation were
established. Even through the computer was utilized in recommended
ranges of ooera_ion, it is apparent that better accuracies were achieved

when the squaring operations were made at smaller frequencies and

I01
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consequently greater computer excitation voltages.

An improvement of accuracy in squaring can be obtained by one of

the foUowing methods:

(1) Establish period of oscillation which will drive the
analog computer to voltages just below r_e saturation
level.

(2) Establish time scaling which will drive the analog

corn _=_ter to voltages just below the saturation level.

2.2.4.2.4 Conclusions: The degree of repeatability and accuracy r_tained

by the analog prototype is well above the required g5_ &ccuracy. Prelimi-
nary and final testing of the analog prototype delinJt__l) indicates the feasi-

bility of de,'eloping a digitized systerr.. Refinero_c_ts to the _Lgitized system
for compensation for additional mass eff_.'q "_ill be made by mathematical
analysis of the air bearing table torsio_=_ _ocl system a_J electron;.c incor-

poration of the nec_-_sary refinements into the final system.

Tb_J test demonstrates the vaiue of the analog computer in mass
metro'ogy experiments and feasibility studiesB esFecially as an in-line
cor_putation device. This is attributed to the natural frequencies of torsional

e._periraents and the versatility o_ the analog computer, both mathematically
and electronically. Further versatility of the computer may be achieved by
hybrid computations, where both digitai and analog corr, putations are per-

formed simultaneously. The developed prntotype utilized the computer in this
manner.

2.3 PRODUCTS -_F TNE11TIA

2.3. I Basis for System Design: In an endeavor to develop an analog proto-

type syqtem for determination of products of inertia as funded under
NA3A 8-!1314j a literature search was made. This search revealed a mzthod

_._r aetermining products of inertia which was favorsble to system f_brication,
basically requiring the computation by an _,nalog computer of an equation con-

taining two variables and one constant.

From Figure 52p it can be ascertained that a measurement of torque

exerted by a body about axis 07 as the body rctates at a constant angular
velocity, w, about Ox, will lead to the soluti,m of product of inertia. Each
o _icte situated at a distance r from the axis Ox will exert a ra_ _al forc ._

n _r. Thus, the total torque about the axis Oy is:

Ty = _xmwar sin e = wz_ zmr sin 0 (_5)

I02
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FIGURE52 COORDINATESYSTEMFOR PRODUCTOF INERTIA SOLUTION
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But from Figure 52,

r s._n0 : z (56)

• Ty = w _ Y.mzx = W_Iz x (57)

where Iz x is the product of inertia

: Thus, Iz x = _-_ (58)
w"

This expression may be further simplified for purposes of machine

! design by recalling that torque is defined as the product of force and length.
Therefore,

' FL
Izx : --_ (59)

2.3.2 Methods of System Solution: Equation 59 lends itseH readily for

fabrication of a desired system. From the equation, the following restrictions
rr..ay be seen:

(I) The test body must be rotated at a constant angular velocity.

(2) The table top or surface ol, which the test body is rotated must

have its vertical axis of rotation through the center of gravity of
the test body to insure that no component of static unbalance
enters the solution of equation 59.

(3) When th.e body is rotated at _J, a force F at a distance L from

Ule axis of rotation must be measured.

From these basic stipulations, three methods of system solution were
proposed.

(I) Utilize an air bearing table or other near frictionless support,
rotate the table top, and for a particular revolution_ determine
the equation parameters. This method was eliminated since a

lack of control and measurement of parameters is evident.
Certainly_ the angular velocity, w, is not constant since the
device is not absolutely frictionless.

(Z) Using an air bearing table or other near frictionless device or
support, provide a precision drive for the device. This method
is feasible, however, the cost of fabrication was believed to be

prohibitive.

F
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(3) Procure a orecision rate table, which is of sufficient quality to be
used in testing precisi.n gyros. This table would include all

accessories such as servo amplifiers which would provide precise
variable control, and low noise slip rings which provide trans-

mission of electrical data from the table top to necessary inter-
face equiprnent and the analog computer.

Z. 3.3 System Design: Fro;i, *.he later proposed method, a precision rate
table manufacturer, by Inland Controls was selected and requisitioned. A

dec_sim, to requisition instead of manufacture the device was made due to
cost, deli,,ery date, and degree of precision as specified by _,e following
._anufacturer' s specifications:

Inla,,_ Controls Kate _C_ble Model 712:

Speed range: 0 to 600°/sec

Speed accuracy: O. 1% of indicated speed or O. O001O/sec,
whichever is greater

Wow and flutter O. l_o of indicated speed or O. O001°/sec,
whichever is greater

Table acceleration: 100°/sec 2

Peak torque 5 ft lbs

Table top diameter _' inches

Table flatness 0. 001" T.R.

Table load capacity: 300 lb

Shaft runout: 0. 0001"

This table, although procurred for use in an analog model feasibility
program, should be of sufficient quality for use in a more sophisticated

and precise digital machine, which may be developed in the future.

Modifications to the rate table, and accompanying amplifier drive
device were made to permit collection of the necessary data. Figure 53
indicates the rate table and the tilt top which was placed above the rate
table. This tilt top rotates with the rate table and permits measurement of
the variable F, which is a result of product of inertia. This variable is

measured by two load cells which are 180 ° apart through the center of the
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titttop. In this configuration, when a product of inertia is encountered, one

cell is in compression and the other cell in tension. The load cell specifi-
cations were as follows:

Revere Super Precision Universal Load Cells:

Capacity: 25 ib

Terminal resistance: 350 _+Iohm

Output: 3.000 +_0.1% mv/volt

Zero balance: +l_0 of rated output

Nonlinearity: 0.05% of rated output

Repeatability: 0.02% of rated output

Hysterlsis: 0.03% of rated output

Itshould also be noted from the figure that monoflexures were employed.

This permits the measurement of product of inertia in one axis only, since

the resulting tilt(0.005 inches maximum) is through the axis of the load cells,
Manufacturers monoflexure specifications are:

Ormond Mono-Flexure Type MF-8- 3.0

Rated Capacity: 3000 Ib

Initialstiffness: I.8 in.-Ib/degree

Efficiency (load per unit of

stiffness): 1670

Maximum deflection: + 8°

The quantity L is a constant and was determined by a rn_asurernent

from the center of the tilttop to the point at which the force, F, was mea-

sured by the load cells.
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The variable, ,._, was taken from the servo drive of the rate table.

This quanitity was obt_.Aned in a suitable d.c. form, with only scaling necess-
ary before insertion into equation 59. L

In regard to scaling, scalinq of the equation variables and constant

-was necessary before solution of equation 59. The maximum combined load
cell output was calculated to be 0.09 volts. This was amplified and '_:aled

to include the distance L such that 250 inch pounds (maximum) was equivalent
to 2.5 volts. Referring to the variable w, a scale of 7 volts/radii.n/second
was obtained from the servo drive. This was scaled such that I radian/

second angular velocity was equal to I0 volts. By performing scaling in units

of tens, it was necessary to place the decimal point on the voltage read from
the analog computer. Thus, further mathematical manipulations were
uzmecessary.

2.3.3. I Electrical Concepts and Design: Figure 54 depicts the com p!eted
electrical system in a block diagram fashion. From the diagram, the vari-
able F data is obtained from the load cells, appropriately scaled by a factor !

of -L/100 and placed in the dlvidend portion of the division circuit. The
variable w is scaled to a value of w/iO and squared, thus yielding

lOO ]O

where the scale down by I/I0 is achieved in the squaring operation. Thus,
the division opera,on is performed, utilizing both variables and yielding

+ IO FXL,

which is the desired solution. _

2.3.3.2 Mechanical Concepts and Design: From the basic rate-table, a
mechanical design was form_ated wherein an additional table or platform
was secursd above the rate-table and was permitted to tilt in onc plane.
This was achieved and measured through the use of monofle_._ =s and load

cells which were accurately located and secured between the rate-table top
and the working platform. Additional efforts were expended to insure the
levelness of the table in a static c_ndition and that the test body was accu •

rately located with its center of gravity over the vertical axis of rotatio

L
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2.3.4 System Evaluation

Z.3.4. I Results: After connection of the electrical circuitry according to

the block diagram of Figure 54, a checkout test of the system was made,

and final adjustments completed. Iv[easurement accuracy was determined by

testing a number of laboratory test standards. These standards are tri-

angular solids for which the products of inertia about selected axes have been
calculated. Table ZZ illustratesthe difference in readings obtained.

Z. 3.4. Z Analysis of Results: One of the major contributing factors to the

errors shown in Table Zg would normally be the squaring operation performed !
by the analog computer. In this case the squaring was reasonably accurate

as can be seen by comparison of the _u and _ values in Table ZZ. instability

in the torque output (FL in Table ZZ) caused a shifting of the scale factor ,

which affected the results. It has not yet been determined whether the
instability is inherent in the load cells or mechanical friction in the tilt table.

The later appears more probable. Another major factor was the low voltage
value used for FL in the computer, which is a result of an insufficient number

o_ operational ampli/iers in the computer, increasing this value would pro- :
bably result in improved accuracy. Other minor errors are contributed by

deviation of tne object support surface from a pl_ne perpendicular to the

axis of rotation, tachometer output variation, and mechanical alignment _'

errors in the tilttable system.

Fromthe experience obtained thus far it is concluded that the basic system

concept is sound, and is capable of producing hi_her accuracies as refinements
are made.

Z.4 PRINCIPAL AXES

Z.4.1 Math Basis: fo specify the dynamical properties of a body in rotational

motion about any point 0, six inertia coefficients are necessarf. These '-

coefficients are ;he t}_reemoments of inertia and the three products ,_finertia.
To define these quantities, the classical three-dimensional rotor as shown

in Figure 55 will be used. The quantities needed to describe the i th particle

are:

mass of i th particle m i i:

unit vectors i, j, k

position vectoru r = xi'+ y_ + zk

angular velocity -_ = _x'[+ (_z_+ _Jz-_
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linear ,:elocit7 v = CO x ,"

[_,_ca_rn,_,mentum p = nl_.v= zn uJ_,r
l 1

_Dgular momentum P = r A p : m:_ x [_ xr]

the co nponents of the anga!__r monzentum oz the i th partio.le are

I'x = m i ly e + z e) C_'x - ,n i (xy) Coy - :-"i (xy) wt {60)

Py = -m i (xy) _'x + m i (xe + xs) Coy - m i (yz) Coz (61)

Pz = -m i (xz) Cox - m I (>,z)Coy + m i (xe + y_) coz (6-)

where the identity r x (cox r) = (r . r) 00 -(r . c_) r is used. ifall the

particles of the object are considered, the totalmomentum becomes
n

P = _ Pi = P*T+ Pv[+ Pzk, _63)
I

and the components become

Px = Ixx_x - IxyOOv - Ixz U-_z (64)

Py = -Ixycox + IyyOOy - IyzCOZ (65)

Pz = " IlZ OOX - IYZCOY + IZZ OO (66) -

The quantities
n

Ix, - _mi (Y_ * z_) _67)
1
n

: mi + (sa)
1

n

Izz = _m i (x_ + y_) (69)
1

are the moments of inertia, and
n

Ixy = _rn ixiyi (70)
1

n

Iyz = _miYiz i (7[)
I

i13
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n

iz, -- E mizix i 72}

are t.he prc, ducts of int:rtia with respect tc the set of _,:_s O. _:. K the total

mass X'. and center of gravity C of the V.ody are gnown, the dynamical :."Aor-
matxon . _ complete.

Know'ng the six inertia coefiicients Itx, Iy,, Iz: and t'_., iy:, i:,
for any axes Ot _, and kn,_wing r_he mass M and t_ e position of C; one can
determine the orientation of the princ-= a! axes C'x, z Cot any other pointO-'.

Figure 56 shows a diagram of an aribitrarily ._haoed object where R is "_.e
oosi:ion of a _article ,ff mass m s with resoect t) the axes Ot,z. The body
is covnpo_ed of n particles such that

M = E m s (73)
s=l

The position vector of OP is:

The direction of OQ is qiven by

: zr- my: (TS)

The moments and products of inertia with respect to 0,.,. are defined in
Equations 67 through 72. By definition, the moment of inertia aboutOQ, a
rotated axis, is

Io_ = Em s (PN5 a (7o)

IOQ =Em s (OP _ - ON _) (775

IOQ : Em s [(x2 _ ya - z 2) - (ix - my + mz) a] (78)

= na 2(I,;._m - I.. zmn + I z ,ni) (795IOQ Ixxla + Iv:n'l 2 - Iz z -

Equ=Llon 79 can be rewritten as

. z_ Z(I_ __'y_z -:-iz xix) ]I : -[Ixxxa + IvvY a + Izz - ,xy (805
(×_ . y_ _)

where coordinates (x,y, z) now refer to any arbitrary point R !/tng along

OQ and are, therefore, independent variables, if OQ is directed along a
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principal axis, the value of I ren:alns con__t_nz along that axis; therefore,

_x _y bz
KT_O.

_I _ Z (Ix_x =l, yy- lzxz) _ 2Ix (82)
"x (x_ _ y_ _ z_) (x_ +y_ + z_-)

.I : 2 (Iv: - Ixyx- LTzz) _ Zly (83j
I {:<_+Y" + z_) (x_+Y *z_)

c'= = (Zlzz - !v:y -_. Iz xx) - 2Iz (84)
bz (x_ -:y_- zz) (x_ + y_ + z_)

Now Equation 81 becomes

(Ix, - I) .x - ixyy - lz xz = 0 (85)

-Ixvx �(iyy- i)y - l_-z_= 0 (86)

-Izxx- Ivzy" (Izz - I) z = 0 (87)

whcre x, y, z define the positions oi the principal a.,c.es.To obtain x, y. z

from equatioz-L85 through 87, the followL-,gmatrix n,ust be solved.

(I, x - I) -Ixv -Iz x

-IXy (Iy y -I) -Iyz = O. (88)

-Iz x -Iv z (Iz z -I)

Equation c8 leads to the cubic equation

I_ - (Ixx _ Ivv + IZZ) I2 + (IxxlyyIzz

- zz xY_.,zL,, - z,,z_ - z,,,z,_ - Tzzfiy_= O. (89)

The three roots o" I are the principal moments of inertia. Equations 85

through 87 can now be solved using these principal inertias to determine

the values of x, y, z. The values of x, y, z will in turn determine thc direct-
ion of the principal axes.

w_
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As an example of the method just described, a rectangular solid as _

shown in Figure 57 wiU be used. The. orincipal axes will be found with
respect to 0. The six coefficients of in-'x_:a are.

Ixx = 100, I;v = 136, Izz = 164

IxT = 60, lvz = 36, Iz_ = _5

Equation 89 becc, mes

13 - 4001 _ + 45,383!- 1,040_ 600 = 0 (90)

with roots

A = 30.50613, B = 180.2-_6U4, C = 189.24783.

Now Equations 85 and 86 yields

x y z

I 0. 7531 0. 540Z
I -1.1180 -0.2926
I Z. 1720 -4. 8793

-v.lere A, B and C are used in turv. The direction cozL,_es al_*_--I" .... .C to Oxv=
&re

£ m n

O. 7 ":4 O. 5524 0. 3962
0.65-;4 -0. 7316 -0. 1915

O. l_._O O.3997 -0. 8980

which are derived from

X

: (91)
y_ z_x_ + +

,n-- .. F (gz)
x_ + y2 + z2

Z

n -- (93)

xn + y2 + z_
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C

A computer program for determining the principal axes is available
and is shown in Figure 58. To use this progra.-n 0 the moments and prcducts
of inertia about the center of gravity must be known. The reference axis

is chosen about the center oi gravity because the moments and products of
inertia are determined abo_ the point in all the laboratory tests. A brief
explanation of the computer program in Figure 58 will be given to show its
relation to the previous theory. (All step references are in relation to

Figure 58) Steps 1 throc_h 13 tell what the program is and what variables

are needed for the solution, thatis, Ixx, Ivy, Izz, i_,, Ixz, Ivz. Steps i4

thro,gh Z0 solve the coefficients of Equation 89, and th_n diis equatio,_ is
solved in steps Zl through 44. To i/lustrate these various steps; the cubic
equation in step 21 is

3

Y + py2 + Qy_ 11= O, (94)

where

y : x - P/3 (95)

a : I/3 (SQ - P_) (96)

b = I/Z7 (2Pa - 9PQ + 2711). (97)

Since the products will be le_s _an the moments of inertia where the

reference axis is taken through the center of gravity

b 2 a s
-- + -- < o. (98)
4 27

The roots of Equation 9-t are

xk = Z _a__ cos (__ + I20°k) k = O, I, 2 (99)3 3

where

cos _ : _ b 4/4
(io0)

The minus sign will be a_ed since b is positive for the problems considered.
Equation 96 and 97 are solved in steps 22 and 23. Equation 100 is solved in

steps 24 and 25. Steps Z4 through 37 change the angle from degrees to radians
after a manual input of the arc-cosine of _ in radians is performed. The next
step is to solve the three angles in Equation 99. The three r_ots of Equ._tion o
94 are solved i,, steps 38 through 41 and are given in steps 42, 43 and 44.

These roots of Equation $9 are now used in Equation 85 through 87 to solve
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J' C F :-_ L'I_::--CTIUNCOSINES
C CALCUL,4E ,,O;-_ENTSOF INERTIA ABOUT PRINCIPAL AXIS AND SOLVE

.j ."_C P_EAD _,c,.,ENTS(AND PRIJI.)UCTS)OF INI_RTIA ABOUT REF. AXIS {THROUGH C.G.)
-L)4 1OO F_h:,ICAT(EI._.8 )

' .._ 102 FJId'AT(28HLOA() IXXIIyY.IZZ.IXY. IXZ_IY/.-IX.2,}HFORMAT EI4.B nN #,r.r}l

bOA PI_,I;'T102_:c_.i;IOOtAIXZ
e, RRE,,r: IOOt AIrY
9 REA'; I00_ A.VZZ
._ ,",E"L, I00, _IXY

_lJ__- REAL: _.O0tAI/-ZREAr: IOO, AIY;"

J3 OI.;EI,. SI 0/,.' RT{ 3.)1X (_3)jY_( 3 ) t l (3)
1,4C C,'.£ULATE COEFFICIENT [P) OF yx,x,2 rERM MAKE NEGATIVE
L._ P=-(AIXX+AIYY+AIZZ )
I_C C;.CULATE COEFFICIENT (O) OF Y TERM
17 O=A IXX#.AIYY+A IXXX,A IZZ YY,C,A1ZZ-A IXY_W,_,-AIXZX,,_-A IYZ_2
]_C Ci, LCUL,'_TE C, ,:STANT TERt.,(R)
i,c) R:-(AIXX=,,AIYY:AIZZ}_+2.=AIXY:AIXZ_'AIYZ+AIYYX'AIXZ'WX'_ Z_"_
_'). R=P,+AIZZ_AI XYX=Xx2
2,C SOLVE CUBIC EP,,.FOR,.i_X._=3+_P_x'X'X-'2+(:)x'X+R=O
22 A= ( B. _,l-PX_:_2..)/3.
2_ _;:(2.-_p_x_B-O_PX,9.+27. =R )127,,
_,_ COHST= (-I. X'AX'_3127.)

_.5 BETA=( -b12. )I{SQRTF(CONST) )
,"G 20o F{-JFq;AT(QHCOSBETA=_2X,EI4.8)

_! P;,,I,,_T;'DO,BE TA .__
201 FOP.I4AT(B9HTYPE BETA IN DEGREES AND MINUTES XYX,XX|

202 FOP.I:/'T(F3.0t F2.O)
30 PR li,T 201

_ ACCEPT 202,BETA,B_ETA1

3ETAI=_ETAI/60.
BETA=BETA+BETAI

34 BETA= ( 6ETAX,3. }.4159)/180.
35 ANGL I=BETA/3.
3G ANGL2= (BETAI3.+2.0944)

_L_ A4'JGL3: ( BETA/3. +4. 1888 }cor:s:-l._:,(A/-3.)
39 XONE=( 2.':'SQRTF(CONS))*COSF(ANGLI)
,_C.. XTUO:-{2,_SQRTF (CONS ))_CDSF(ANGL2 )

_ XTIIRE=(2.*SQRTF (CONS ))*COSF( ANGL3 )RT ( i ) =XONE-( P/3. )

RT (2 ):XT_,:O-(P/3.)
4'_ RT _B )=XTHRE-( P/3. )

'.I_ 539 DO 506 I=1,3• COI,'_T=AIYZ,,',(AXTXR--,RT(I ))+AI XYW_AIXZ

_4_ DONST=CU"!ST/t/"vZ_;'IAIYY-RT(Ill+AIXY_"AIYZ)'CONST=_U,',,ST/!_,-T"_y_ AILZ-RI( I )|+AIXI_AIY"'_)

XII)=S('}RTF(I./(1.+DONST_2+CONST_=2])Y-'I]")--Db_''S'_'=:'X(I"}

-l_ Z(I)=CONST_X {I)OUTPUT
7(/3 FORH_T {4X _,GHLB-I i_2_,FJX_,CHKG-P,-SEC2 _9X •1HX _13X _,1HY, 14X _IHZ )

._ 10.5 I-!]RI.iAI(b;(+llHI.1UM_'N1 (_F-'INERTIA_IBX_"/HDIRECTION COSINES]G_} TO (508_509_50g)_I ._
_- FC':,T'"I"T !_'___ ,

PI,:I_'T 703" 1o< F_-RT;-_,? ( ,'-iT.-B _4l=-i 5 _8 )
_ 509 CONST=P,T(1)_.?.g8412-04
_0 P_I;-T 104 _TT'_'_'T"; x'( I ) , Y | I l _ L | I }

.:_':._ b')_ C,,Il'I;.',U_ ._ - t
6g t'+t} TQ 504

L-p.G_.:L_,,,,: .......

FIGURE 58 CO_APUTERPROGRAMFOR
DETERMININGPRINCIPAL AXIS
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for x, y and z. This is accomplished in steps 45 through 48. In solving

for the direction cosines, the variable I- _s set equal to one since only the

direction of the axis is needed; therefore, steps 49, 50 and 51 are

_ l (1oi)
I _ y_ + z_

m - Y (10Z]

l+ye+z-

Z

n = (103)

1 + ye + ze

respectively. The remaining steps, 5Z through 63, are the computer steps

necessary to give a print-out of the principal moments of inertia and the

direction cosines necessary to rotate the reference axes to the .)rincipal
axes.

In sumnlary the principal axes of an object can be easily obtained if

the moment and product of inertia of the object about its center of gravity

are known. The Mass Metrology Laboratory has available to it at SPACO, INC.

an IBM 1_Z0 computer which is capable of handling the prinulpal axis deter-
mination.

Z. 5 MASS PP, OPEIiTIES OF LIQUIDS

2.5.1 Technical Discussion of the Problem

2.5. I. 1 Background: In the past, considerable effort has been made in

the theoretical and experimental study of liquids. Studies have included,

sloshing, pressure, baffles, vibration, acceleration_ viseosity, flow, and

other studies. A literature search was made to de[ermine the problem and

to aquaint this laboratory with prior work in this area. Appendix B )ists the

materials accumulated by the Mass Metrology Laboratory during the litera-
ture search.

Z.5.1.2 Requirements

A basic requiremen_ for flight vehicles is to predict their reaction to

applie_ forces, whether internal or external. One factor which greatly affects

the action or reaction of a space vehicle is the fuel carried on board. Mass

2ropertles of liquids is more of a problem today than in the past because

larger quantities of liquid fuel are required _or extended flights. At launch

more than ninety percent cf the vehicle weight is contained in fuel for some

]21
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of the present rockers.

: :-

Since ;uel motion in the vehicle has such an effect on the Vehicle's

overaD stability more details must be known about liquid motion. One

important aspect is to learn the effects of the moving liquid c n the moment

of inertia of the vehicle durfi!F o_ciltatvry motions. These oscillatory
motio._s can be caused by gimballing of the engines about th,_ pitch or yaw
axis or by external forces such as wind currents. For oscillations about the
yaw-pitch axis the moment of inertia about this same axis must be knov u to

determine the behavior and trojectory of the vehicle. In tight of this require-
ment the Mass Metrology Laboratory at SPACO, INC. has performed exper-

imental studies and theoretical analysis into the problem of a_termining
moments of inertia of a liquid rotating about its yaw-pitch axis.

The basic problem was to determine the moment of inertia of a

partially filled cylindrical container about its yaw-pi_ch axis. A partially
filled tank was used instead of a full tank because this closer simulates an

actual fuel tank. The equipment used was all government furnished except •
for a few small items and modifications.

r

Z. 5.1.3 Solution: The method of solving this problem, experimentally was
to oscillate the partially filled tank at various fzequencies, by forcing it
with different torsion rods, and using various amounts of water to determine

the relationship of the moment of inertia, frequency and aspect ratio (ratio
of liquid height to tank diameter. ) The experimental data was used to
determine the ratio of the moment of inertia of the liquid system versus the
moment of inertia of the system if the liquid were solid. This ratio was com-
pared to the aspect ratio to determine the relationship between the two. The

experimental results were then compared to theoretical results to determine
the validity of the theoretical approach.

2.5.2 Procedure

2.5. Z. 1 Equipment: The basic items of equipment used in the tests program
are the plexiglass tank and stand, torsion rods, radian scale, photo-cell

timing equipment and a capacitive transducer. Figure 59 shows a sketch of
the eq'lipment and Figure 60 shows the tank set-up in the laboratory. All the
above equipment was government furnished except the torsion rods, radian
scale, capacitive transducer, and special brackets, which were made at
SPACO. The torsion rods were pre-selected and designed to produce certain

frequencies of oscillation of the tank. The radian scale was used for obtainin_
rough measurement_ of angular displacement and the capacitive tr _sducer
was used to obtain precise angular displacement measurements. More infor-

mation on the capacitive transducer is given in Appe._d_ D. The photo-cell
timing device with its associated counters and read out devices wet. used ,:_ ..

IZZ
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FIGURE 59 MASSPROPERTIES OF L;QUIDS (TEST SYSTEM)
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T:

measure the period of oscillation. Any ether minor special equipment was

desig_-,ed and fabricated as needed.

Z.5. Z.2 Test Program

2.5.2.2.1 Center of Gravity and Moment of Inertia of Empty Tank: The
government furnished plexiglass tank and stand were the basic elemer_ts in
the experiment. The first tests consisted oI determining the center of

gravity and moment of inertia of the empty tank, The center of gravity was
determined by using three different methods; knife edge, two point suspension

and Bytrex center of gravity locater. The results of the Bytrex tests appeared
to be the most accurate; therefore, th._ data was used. The moment of inertia

of the empty tank was obtained by suspending the tank ow a torsion od from
an over head "I" beam and measurin_ zts period of oscillation to d_ ermine
the moment of inertia.

2.5, 2.2.2 Rod Calibration: The next testing program was the aalibration L
of all the torsion rods to be used with the tank. The smaller rods were

calibrated as described previously in paragraph Z.Z Moment of Inertia.

The stifferrods were calibrated using a staticmethod. A sketch of zi_e

test equipment is shown in ]_._ure 61. Kwas de_ermined using,

T = K 0 or K = T (104)
0

where t = W x r is the torque produced by a weight acting at a distance r and

0 is the angular displacement.

The apparatus for determining spring constants of torsion rods stati-
callywas used to calibrate the thre_ largest rods i07, 12Z, and lZ3. The

values obtained appear to be relatively inaccurate because of high friction
in the calibration apparat-as. To check tt_ese values, the constants were
calculated using an average value of modulus of rigidity obtaiped from
earlier" tests. Differences of as much as 5% were fotlr, d. Table 23 shows
the measured values obtained for all of tae torsicn rods. For all b it rods

107, 122, and 123, the constants were obtained from a suspended pendulum
tests using a moment of inertia standard. The differences in the deviation

from the mean value points up the relative err.Jrs in the dynamic and static
methods. Table 24 shows the calculated vall;es of -_d constants, using a
modulus of rigidity of 1Z.022 x 106 . table Z3 lists the differences between
the calculated and measured values of rod cor, stants.

The conclusions from these tests are nzt that the static n_e=hod 1.= in

error but that the equipment is not adequate.

t
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Table 23 Experimental Values of Torsion Rod Constants

Rod Length Diameter 'K" Value Maximum Maxim,ira ¢)

Number In In Percentage Deviation Radians for
Inches Inches trom the Mean 30,000 psi Shear

Stres_

in, --_
100 48 O, 500 1, 540. 68 _ O. 006 O. 48

radtan

lOZ 36 O. 5(90 2,058. 52 O. 029 O. 3b

103 24 0.500 3,077. 54 0.061 0.24

104 48 O. 375 482. I1 O, 036 O. 65

1G5 36 O. 375 645. 05 c}. 0!6 O. 50

106 24 q. 375 975. 68 0.010 O. 32

107 24 0,625 7, 715. 02 (1) 0.81 O. t9

108 36 O. 625 5, 008. 31 O. 072. O. 28

109 48 O. 625 3, v52. v6 O. 043 O. 38

122 24 0.750 16.262. 80 (!) 1.34 O. 16

123 24 1.000 51, 753. b3 (I_ 1.09 O.12

(1) Obtamed from static measurement setup
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Table Z4 Theoretical Values of Torsion Rod Constants

Rod Theoretical K

Number J G Using Avg G

101 0.006136 12.057- x 106 1,536.81

102 O. 006136 12. 077 x 103 Z, 049.08

103 0.006136 12,037 x 106 3,073.6."

104 0.001941 11.922 x 106 486. 13

_'05 0.001941 1_.964 x i06 648. 18

106 0.00!941 12.064 x 106 97Z. Z7

107 O. 014979 7, 503.23

108 0.0i4979 12.037 x 106 5,022.15

109 0.014979 IZ, 025 _:106 3,v51.61

IZZ 0.031062 15,559, 47

123 O.098175 49, 177.49

Avg. 12. 022 x '06

J = ?rd4 G = KL K = GJ
32 J L
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Table 25 Comparison of Theoretical and Experinlentai Values
of Torsion Rod Consta_s

Rod # Theoretical K Experimental K Difference % Difference

I01 1536.81 1540.68 3.87 0.251

102 2049.08 2058.52 13.31 0.649

I03 3073.62 3077.54 3.92 0.127

104 486.13 482.11 4.02 0.826

I05 648.18 645.05 3.13 0.482

106 q72.27 975.68 3.41 0.350

I07 7503.23 _715.02 211.79 2.822

I08 5002.15 5008.31 6.16 0.123

I09 3751.61 3752.66 1.05 0.027

!22 15559.47 _6262._0 703.33 4.520

123 49177.49 51733.63 2576.14 5.238
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Z. 5.2.2.3 Moment of Inertia of Liquid System

Z.5.Z.2.3. I Objective: The final test program was the determining of the

moment of inertia of the tank system for various frequencies _nd water levels.

The test objective was to conduct extensive experimentation tc determine the

percentage ol liquid which acts as a solid ;_nmeasuring the moment ol inertia

of a rotating liquid system.

2.5,,Z.Z.3.Z Equipment and Equipment Function: A government furnished

cylindrical plexig:ass tank with a hemispherical bottom along with its sup-

porting stand was the basic item o. equipment. The tank was supported in an

upright position by two (SKF SYH 100x) self-aligning ball bearings that

enable the tank to rotate about its yaw=pitch axis. The tank ts supporting

shafts were designed so that various torsion reds could be mounted to the

tank for producing forced oscillations. A capacitor transducer was mounted

on one side of the tank to provide angular displacement measurements as

the tank oscillates. The capacitor transducer was fed to an X-Y Plotter

(Moseley 136 A) so thai a complete time-displacemen_ history would be

available. A photocell-light timing device was mcpanted to the tank stand

and provided the period of oscillation. The timing device was triggered

by a wand extended from the tank. This o_tput was fed to a Hewlett-Packard

5'4 D covnte_"wh'ch provided a visual display of _he period time. A Hewlett-

Packard 560 A printer was used to produce a permanent _'ecord.

Z.5.2.3 Test l:_rocedure: The test apparatus was utilized as follows, the

plexiglass tank and _tand were firmly rncunted on the isopad. The tank was

suspendeq so that its center of gravity was on the axis of rotation. This

was _ccon:plished by using two adjustable brackets on each sial-of the tank.

AIter the tank had been placed with its center of gravity on the axis of

rotation, the capacitor tran'ducer and photocell device were zeroed . The

output of the photocell device was connected to the Hew!err-Packard 5Z4 D

counter which _,as adjusted for measuring each alternating period, .'-henthis

signal went into a H-P 560 A for automatic readout. The eutput cf the

capacitive transducer was fed Io the Mosely 136 A, X°Y Plotter. The torsion

rod to be used in the specific test was moun_ed in its support stand and was

accurately aligned) by using a theodo_.ite,so that the tank was zeroed in its

static uosition. The specific arr,.ountof water was weighed on the Shaclow.

graph _,_'_poured into the tank. All electrical equipment was activated

and allowed to warm up. The tani_wa_ then manually nscillated so that it_

displ-._ement slowly increased while maintaining a relatively steady water

surface. When the tank reached a displacement o.f0.18 radians the forcing.

motion was ceased and the tank began to decrease in amplitude. When the

ma_:imum swing decayed to 0. 16 radiaus both the timer and X-Y Plotter

wele started and the period and displacement measurements were auto

matically recorded until the tank stopped oscillating.

130
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The data sheet contained the following information:

Date Time T emperatur e Humidity Per s onnel

Rod Nurober Water I,evel X-Y Plot of Displacement

Period Readout

2.5.2.4 Kesults Analysis: The data obtained from a given test was us2d to

determine the moment of inertia of the system at its pa "titular frequency
of oscillation. This was accomplished by p!o'_tin_ t:,2 period uer cycle versu
the displacement and determining the period as th,, amplitude a-,uroaches

zer_ as shown using representative data in Figure 6Z. The displacement
was plotted every 0.005 radian, fr,-m 0.16 to 0.005 radians. The period
was plotted at the corresponding displacement to the neare._t 0. 0001 second.

This method of determining moment of inertias is thoroughly, explained in
the moment of inertia section of this report.

_lhe period at zero amplitude T, will be used in the fc.rn.ula

I = (WL + K) T-_/ 4_t2, (105)

along with the weight of th_ system W, the distance from the pivot to the

center of gravity of the syttem L, and the torsion rod constant K, in deter-

mining the moment of inertia of the system. Equation 105 is derived from

the equation of motion :,fthe tank system
,o

I @ + WL sin O+ KO- Mf = 0 (I06)

The term N{f is a frictio._almoment which includes all frictionallosses. In

arriving at Equation 93, Mf is assumed to be zero but it can be compensated
for b) using

ITotal System - IEmpty System = IEffective Water (for a given frequency)
(I07)

This equation eliminates all losses produced by air drag and bearing friction

at a given frequency since these eflects are subtracted out. Therefore,

IEffective Water gives the true moment of inertia of the water. Another

n_ethod of eliminating all losse_ in order to obtain the true effect of slosh,

ic by replacing the liquidwith a s_lid that has tLe same density of the water.

This possibilitywas investigated an,'a wa.. _¢as found that would be very

suitable. The wax had a Jpe_Jic gravity of 0.998 and had good character-
isticswhich would allow itto be formed in the tank to simulate the water.

This program was not pursued because of the cost involved, the time
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required and present need for this type accuracy,

The accuracy of the results can he determined by analyzin_o the effects

of each variable on the total results. The total differential of the moment

of inertia

I, where I = f (W,L,K,T), is (108)

dl = 47 (T_LdW + T_WdL + T2dK + (WL + K) 2TdT) (109)

where I c._ Equation 105 is used. Equation 109 w111 yield the maximum

error in I for a specific experiment if the maximum errors of in W, L,

K and T are substituted for dW, dL, dK and dT. The following tolerances,

dW --0. I pound

dL = 0. 1 inch

dK ;_0.01 inch-pounds/radians

dT ::0.001 seconds

along with typical test results used in Equation 108 yields

dl = Z. 134 inch-pounds/radian,

and the total error of the moment of inertia result i_ approximately 0.2_0.

This percentage error is a typical value to show the accuracy of the system.

2.5.3 Test Results

2.5.3.1 Experimental: Table 26 shows a complete listing of the results of

mass properties of liquids test program. The majority of the items listed

in the table are self explanatory but a few that might no_ be obvious will

be explained in mor_ detail.

The water weight is the amount of water in the tank measured to the

nearest tenth of a pound. The aspect ratio is the ratio of the water height

to the tank diameter. In a cylindrical tank the water height is considered

from the tank bottom but with a hen_ispherical bottom a different reference

level must be used. For a complete solution to the problem the water height

should be taken from the bottom of the hemispherical segment. This method

is very complicated and time consuming; therefore, an alternate nqethod will

he used. This method is described in Reference I. This report states that

the use of an equivalent flat bottom, where equal volumes of liquid are used,

is justifiable for tanks with non-flat bottonls, except for extremely shallow

fluid depths (h/d < < .25). The conversion from the hemispherical

bottom to an equivalent flat bottom cylindrical tank is shown in Figure 63
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along with other tank dimensions. The various aspect ratios are taken with
respect to this bottom.

the system weight, V; is the weight of the empty tank plus the amount
of water in it.

The system center of gravity from the pivot point, L and t!,e moment

of inertia of an equivale_t solid, IS were derived from theoretical calcu-
lations. The center of gravity of the system was determined by using the
standard mass distribution formula. The moment of inertia of an equivalent

solid was determined by using

e 2 (II0)I = lhemi + Mhemi Zhemi r IcyI + Mcy I Lcy I

where

Ihemi = O. Z6 M,%a (111)

and

da ha \Icy t = M -_ + _'j (112}

The quantities L,- • and L • are the distance from the center of gravitysemi cyl
of _,,ch object to the pivot point. _ or the case of the empty tank the moment

of inertia was determined experimentally. This was accomplished in the
standard manner by oscillating the tank from the overhead "I" beam on a
torsion rod and measuring the period, the moment of in_:tia of the empty
tank was also calctlated from tank measurements but due to the rough

construction of the tank this method was considered inadequate. For the
100 pound load the hemisphere was not completely filled; therefore,
Equation 110 could not be used and

2

I = Iseg + Mseg Lseg (113)

where

frp R s FgH 5 I0H a 15H 61Iseg: 60 k-'_"_ " "-_-+ l (It4)

had to be used. Equation 114 had to be derived because itis not included

in any handbooks, The term Lseg is the distance between the center of
[ravity of the he-nispherical segment and the pivot point.
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The period T is the experimental period obtained from the oscillating
system. It _s used in

T _

I = (WL + K)_-_-2 (115)

to calculate the moment of inertia, IF of the system. W and L in Equation 115
have previously been described and K is the rod constant of the particular

rod used. The ratio iF/I S snows the effect of using liquid instead of z, solid
in determining me-cents of inertia.

Figure 64 shows a plot o: moment of inertia versus aspect ratio and

Figure 65 shows the ratio of Iliquid to Isolid versus aspect rat_,_. The resu.t.ts
of this test program will be discussed in more detail in the conclusion after

the theoretical approach has been discussed.

Z. 5.3.2. Theoretical: In order to understand the basic foundation of the

theoretical approach a brief review of basic hydrodynamics was under'aken.
The equations cf _n_rion of a Y.quid can be obtained by using the method of
Euler. This method investigates the knowledge of the velocity, the Fresst_re

and the density at all poipts _,f space occupied by the liquid for all instants,
Let u, v, w be the velocity components of x, y, z at time t parallel to the
co-ordinate axis as shown below,

Y

Tv -
u _.

Z

The values u, v, w are finite and continuous ftmctions of x, y, z. The values

bu bv bw bu _v _w bu 5u bw

_x bx Bx by By by bz bz bz

arc assumed everywhere to be finxte. Let o be the pressure, pthe dens'
and X, Y, Z the components of the extraneous forces per unit mass at poin

x, y, z at time t. The equations of motion are demved by examining an
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element of liquid bound by 6 x, 6 y, 6 z as shown below.

Y
6z

O y_Y' z)
5x center

Z

The rate at which the x-component of the momentum is increasin_ in the
x direction is given by

p 6x 6y 6z duo

dt

The extra-_ous forces in the x direction are given by p 6x 6y 5z X. The
pressure on the 6y 5z faces are

(p - l/Z _P . 6x) 5y 6z
5x

and

(p+ I/Z __P.P. 6x) 6y6z
_x

respectively from the origin outward. Therefore the resultant pressure is
_.heir difference

_ 8P
_-_ 6x 6y6z.

The equation of motion for the x direction is obtained by summing all the
force.% is

p6x 6y 6z d__u: DSx 5y 6:,X - _P 6x 6y 6z.
dt bx
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Substitute

du _ 8u ._ u 8u '_v 8u _ w _o
dt 8t _x _Sy _z (1171

the total differential of u(':, y, z, t) in the above equation, now becomes

8u 8u 8u 1 bp (118)8u +Ul _v _ w - X---

Likewise for the y and z directions:

bv _v bv bv I _p
8-t- + u'b'_x + "'-_y + W_z = v -p by (I19)

8w 8w 8w bw 1 bp

_-U+uT_- "_v _ +" TV = z -_ _,":2_ (IZO)

The equations alonp, with the conservation of mass must be satisfied fo_ any
liquid system. The conditions that must be satisfied for the conservatior, of
mass can be described by considering an element of liquid as shown.

Y JF ill
i J  u,o

bx _- 5y" b x 2

5x

X

Z

Ifthe change in velocity with dLstance is considered, the rate of mass flux

across face 6 t 6z is

(pu _(pu) bx ) 6y 5z

139
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and

(pu * _(pu) 6_._x) 6y 5z
bx 2

as chown. The net rate of influx of mas_ into the element is their d'_L_r_nce

_ b (pu_..___)6x 5y 5z.
bx

Likewise, for the other two faces

- _ 6x 6y )z
by

(pw)
- -_y_ 6x 6y 6z.

The sum of these three must equal the total change of mass

bx b y bz b t

a (p_) a__por b (pu_____)• b (pv)+ : - (IZZ)
bx o_y bz b t

This is tileequation of continuity. For a homogenous incompressible fluid

the density is independent of time and space; therefore, the above equation
reduces to

bu + _v + bw
b--_ b_ _ : 0. (iz3)

For an incompressible, non viscous, irrotaLional, homogenox, liquid,

i,e. a perfect liquid, a function called the velocity potential can be used. This

velocity potential _ is analogous to potentials such as that of gravitational

attraction and electrostatic, forces, and satisfiesthe relations

u : "_.___ (1z4)
bx

v : "a.-.!_ (lzs)
by
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-bew =_ (126)
bz

The continuity equation now becomes

-Ff y+Vz

This equation is also called the Laplacian and is represented by

v_ _ - O. (12S)

These equations describi- Z +.hevelocity potential also yield

bv 8v,"

= -_y' (IZ9)

8 w bu
- , (130)

Bx bz

8u _ bv
..... (131)
by 3z

wh3ch c&n be substituted in the three previous equations of motion to give

bu bx' bw I _ (132)d_ +u +v =X---
bxbt Tx _ + W'_x p px

82¢ + ubU + v bv bw I 8p
bybt by _ + w _y Y - - --by (133)

b_¢ bu bv bw 1 b_)

-b-zb--t-+ U_z + v_z + w 0_--_: Z -p _z " (134)

In most ca,des the extraneous forces X, Y, Z have a potential

x : .__bO (135)
bx

Y : - b..9_O (136)
by

Z - bO (137)
bz

141

1965021175-157



Using this assumption and integrating the previous equations with respect

to x, y, and z respectively gives

U _ v _ W _ p

5¢ + + + = -_-_ + F I (t) (138)

U 2 V _ W 2
_¢ +-- + + =-[]-P + Fz (t) (139)
_-_- z T T p

U 2 V 2 W 2
_¢ 4_ + + =-_ -P +F 3(t) . (140)"_T z -_- "_- p

Since FI, FZ, and F 3 are arbitrary constants of integration, let F 1 = F Z =
F 3 = F; therefore, the three equations above reduce to

U2 VI W 2
"_¢ + + +-- = - n -P + F (t) (141)
_-T T T z p

which is Euler's equation. Euler's equatioD along with the continuity equation

are the two basic equations necessary for solving the hydrodynamic problems
of sloshing.

The two basic equations, Equations 127 and 141p will now be applied to
a cylindrical tank performing rotationai motion. Since the tank is a cylinder
the best coordinate system to use is the cylindrical coordinate system. Tl_e
Lap]acian in cylindrical coordinates is

_z¢ +_I _¢ +riZ _¢ + _)2_ = 0 t,-_-,"_r _r _-_

where

x = r cos 8 (143)

and

y = r sin 8 (144)

has been used.

To find the velocity l_otential ¢ for the specific system, the Laplacian
must satisify the specific Boundary condition dictated by the system. Since
the liquid cannot penetrate the waU or the bottorr,, the liquid velocity component
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normal to the tank surface must equal the velocity of the tank surface nc_rmal

to itself. As the tank rotates as shown in Figure 66 about the center of gravity
of the liquid the following conditions must be satisified

_ e i_t _._r
_--_ = -i 00 e o z cos ¢ r = a (145) ._

!

and

_ = i_. e i_t h/z (146)
_-q 'Jo r cos ¢ for z= - ,

where e o is a small angular displacement about the center of gravity.

The free liquid suriace motion must also ea_isffy certain restrictions

derived from Euler's equatiun, Equation 141. if the z axis is oriented
vertically along the longitudina: r_is of the tank the only extraneous forces
acting on the tank is that of gravi,'y; therefore,

= g z (147)

Since F(t) is arbztrary it can be included in

_t

The motion being considered is assumed to be small; therefore, 1/2 q_ can
be neglected. NJw Equation 141 becomes

P = D (_-_¢- a t z). (148)
_t

At the liquid surface

dP
_- = 0 (149)

because the pressure variation must be zero.

But

dP = _P + u 5P _ v _P + w _)p = 0 at z I/Z (150)
dt _t _r r Be _z
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Now Equation 148, 149 and 150 yield

= p 1'_2_ _z) = 0 (151)
bP
_-T _-_ - _t _-_

but

_-.
_t _z (_52)

therefore

_¢'_ = o
_t P _F J" (IS3)_t/

or

_s_ b_ h (154)+_t _ :0 at_:_

Equation 154 along with Equation 145 and 146 are the three boundary conditions

necessary to solve for the velocity potential in the Laplace equation, Equation 142.

The solution of this problem has been derived by many authors; _ereforej
only the results of the derivations will be listed here to save time. Dr. Helmut

Bauer who was formerly with the Aeroballistics Lab of the Dynamics Analysis
Branch at MSFC has done extensive research into the theoretical approach to
this problem; therefore, the results of some of his works will be used.

For a pitching motion about the y axis as shown in Figure 66 the velocity
potential is

_(r, O, z, t) = -iU_Oo eiwt a s cos 0 . zr + 2 ]_ I
n=l (E. - I) '

E n _" • b +h__ cosh z +

En W_n _ I) cosh (En-ha) 2a

146

1965021175-162



z

z__ Y

7 0 _X

• \\/! ,/

FIGURE 66 ROTATIONALMOTIONOF A PARTIALLY FILLED TANK ABOUT
THE LIQUIDSCENTER OF GRAVITY
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where

a = tank radius

b - acceleration in z direction

h - :iquid height

w : forced frequency

Wn= _ ba Ent_ Enh) = natvralfrequency

E n = zeros of the first der,vative of the Bessel f_-_ction of first ordcr
and first kind

Equatio:i 155 is the same as Equation 59 of Reference Z. To find the moment
of inertia of the system first the moment must be found. By using

M= i0 = - _2OI {156)

the moment of inertia can be found. The moment is obtained by finding the
pressures at the bottom and walls of the tank, then by integrating tl_e pressure
component over the tank surfaces the fluid fcrce on the tank wai) can be

obtained. The moment is obtained from the fluid force by :_sing the moment,
force, lever arm relationship. The moment becomes

M = _00,0oeiWtma2 [_._ (_) _ I b + Z _

(( _ 4)

�_,_"_" - _ - E--_-) sinh liST)
where

a--___m
00

.r48
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Equation 157 is the same as Equation 66 of Reference Z. The moment of inertia

is now obtained from Equation 156 and becomes

= -- + * Zma s I_ 1 •
_ a J n=l En_(E_- l)(a _- 1)

(CO---_-_ - 4_ _ + 5_a + Z _ tanh _ 3_ _ 4 tanh _

+ (158)
sink. _ /J tarsi /_ 4 B J

If the damping is introduced as shown in Reference 3, Equation 36b, Equation 158
_bove now becomes

I: ma _ F i_ (h)_ _ _.11 _ 2ma 2 _ 1t_IZ 4J n=l mn (E_ - l) (_z - l + i g (X) "

(. z 4a_ so? . z -__ ta.h_ _3(,_ - 4 tanh_;_
osh_ /_ sinh_ + _tanh_ 4 ""

.2

(159)
where g is the damping factor.

Since the moment of inert_.aof a cylindr_.calsolid is

Ii=ma 2 (n) s

Equation 159 can be written as

I = Ii + Iz (161)

where

n=l E n (En - l) (CZ_ - 1 4 ig_¢)

50( s

*/3 tanh'#9 + Z _,/_tanh4_ 3,_a 4 tamh__3 (16Z)

is the effective moment of inertia contributed by the liquid.

Equation 159 is the moment of inertia of a partially filled cylindrical tank
about the liquids center of gravity. The experimental data was obtained for a
point of rotation displaced from the center of gravity. The parallel axis
theorem can be used to transfer the moment of inertia from the liquids center
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of gravity to a displaced parallel axis. If the transfer axis theorem is used
the moment of inertia equation becomes

I = I 1 + I2, + ML 2 (163)

where I 1 and 12 have previously been defil:ed and ML 2 is the transfer relation-
ship. Table Z6A shows the results of the theoretical calculations for a period

of 1.. 5 seconds, a damping factor of 0.5 and for five aspect ratios. The
damping factor of O. 5 was obtained from previous experimental work per-
furmed by the Aeroballistics Laboratory. I is the total theoretical moment
of inertia of thp s_,atc.-n where me moment of inertia of the empty tank has

been included. The ratios od Iliauid to !solid for both theoretical and experi-
mental are shown in the last two'columns.

A plot of the theoretical and experimental results is shown in Figure 67.

2.5.4 Conclusions: The results of this test program verified some propert:es
of dynamic liquid containers and also produced some new results. The fact

that the moment of inertia of a liquid is frequency dependent was verified as
shown in Figure b. For angular velocities of w = 3.1 to 4.8 i'adians per

second the moment of inertias of the liquid remain relatively constant. For
an angular velocity of w = 6.3 radian per second the moment of inertia has

a much iarger deviation. The deviation is very large at small aspect ratios
because splashing occurred. Splashing differs from slosbing in that some
liquid frees itself from the liquid surface in splashing while in sloshing the

liquid surface is continuous. The violent motion p oduced by splashing
causes the effective rr,oment of inertia to differ greatly because variable

for 00 = 6. J radian per second more nearly ref e.-r, b les the curves for smaller
angular velocities because less liquid is being splashed as compared to lower
levels. Since splashing creates many problems and normally is not a factor
in considering the dynamics of liquid fuel tanks this data will not be included in

the remaining analysis.

Figure 68 shows the plots of experimenwll data for w = 3.14 and two
theoretical curves. C_rve Is depicts the moment of inertia of the same

liquid system if the liquid were a solid. Curve I' is obtained by subtracting
the moment of inertia of a spherical segment from the moment of inertia of

the theoretical solid for various aspect ratio_. This approach is base_ on
the fact that a certain amount of liquid in the center of the tank is not con-
strained to move; therefore, it does n_t contribute to the moment of inertia.

This curve l;as the same shape as the experimental curve but not the proper
magnitude, but this is understandable because nune of t_e other sloshing factors
which can change thu moment of inertia have been coi_sidered.
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Table 26A Results of Theoretical Calculations

Theoretical Experimental

hid I 1 !_ ML 2 I IF/I S IF/I S

0.489 Z4. 3 * Z. 4 630. 3 929.9 1.003 1.51

0.995 86.6 - 2.5 858. Z 1,Z15.3 0.997 0 95

1.506 23b. 7 - 5.2 795.8 1, 300.2 0.996 0.89

2.0i7 480.7 + 7.8 563.7 1, 325.2 1.006 0.86

2.528 890.0 -'Z6 5 277. 1 1,466.6 1.01_ 0.86
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One new result which was obtained from the test program was the fact
that the standard transfer formula for moments of inertia does not apply for
liquids. A comparison of the experimental arid theoretical as shown in

Figure 67 reveals that the theoretical approach is not correct. This is
understandable by examining Table 26. For small aspect ratios the experi-
mental arid theoretical data are relatively the same because the transfer

term ML _ is the predominant factor and is common to both. The slosh
effect in this case is so small that it does not contribute, much to the over

all result.

As the aspect raLio increae_, the moment of inertia of the liquid about

its center of gravity_ I l approaches the magnitude of the transfer term ML _
and; therefore, has a predominant effect on the total moment of inertia.
For these liquid levels the slosh has an effect on the moment of inertia as
shown in the experimental curve in Figure 57. The theoretical determination
does not show this effect because the slosh term was calculated about the

center of gravity of the liquid instead of the axis of rotation. Since liquids
do not conform to the same rules as solids in moment of inertia determination

the standard transfer formula is completely inadequate for use with liquids.

In order to obta_.n the correct moment of inertia theoretically either a new
transfer expressio:l must be derived or new boundary conditions must be
applied. A general transfer formula for liquids would be the best approach
but it would also be the most diflicult. If a liquid transfer formula could

be derived it would greatly advance the state of the art in moment of inertia
determination of liquids. If this approach proves too difficult, new boundaly

conditions that will replace Equations 145 and 146 can be used with Equations
14Z and 154 to derive an expression for the moment of inertia about a disp!aced
aXiS.

Z.5,5 Recom_nendations: In view of the fact that the transfer formula does

not yield accurate values for liquid moments of inertia, further research should

be made into this problem. Additional experimental results can easily be

obtained from the existing test equipment with possible stnall modification.

Testing can also be performed using nine government furnished cylindrical

tanks with nine different aspect ratios. These tanks can readily be adapted to

fit the air bearing table at different pivot points to test the effect of trans-
ferred axes on filled containers. A rigorous theoretical investigation can then

be performed to derive the correct exprec_'ion for transferring liquid rc.oments
of inertia.

2.6 CENTER OF GRAVITY i

Z.6. I Background: In order to assure proper mass distributlonfor optimum

flight performance of the Saturn V, it is necessary to know the precise weight i
and center of gravity location for all components of the vehicle. In the past, I

t

[
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efforts at locating the center of gravity of objects have largely been confined

to mathematical calculations, use of knife-edge balances, tension or com-

pression of load cells by the object combined with _ mathematical solution of

the summation of moments, and the use of strain gage moment detectors.

Each of the above methods of center of gravity locating has limitations
that introduce errors into the finalresult.

The mathematical method is limited in that it can become a long and

laborious task subject to simplifying assumptions, such as, the uniformity

of density of the materials involved. Mathematical calculations of the

center of gravity can be accurate provided the object is homogeneous, and

has accurately machined surfaces that are flat, parallel, and perpendicular

to each other. This is seldom the case with mechanical or electronic equip-

ment or any object that the location of its center of gravity is desired.

When the knife-edge method is used the system is almost always

unstable and therefore, _he object cannot be balanced on the knife-edge.

Itthen becomes a matter of an intelligentguess as to when the knife edge

is as clo_e to the center of gravity plane of the object as desired for a

particular allowable tolerance. The test object may also be large, heavy
and difficultto handle for this method to be used. Friction between the

radius edge of the knife-edge and the test object or supporting fixture can
catlse error in the final results. _

Load cells and strain gage moment detectors are limited in their

accuracy. Most manufacturers will not specify more thau 0.I% of capacity.

This z_ccuracy limitation is due largely to energy loss in the form of heat

and hysteresis effects.

The SPACO Mass Metrology Laboratory, on contract NAS8-11314, has

developed a method of center of gravity location that utilizes a spherical

segment air bearing and optical measuring equipment.

This system is l.[mitedonly by the acc._racy of levels and the optical

measuring equipment. A small error is introduced by the air friction

against the spherical ball segme t of the air bearing. This friction error

is not expected to be significantexcept when testing very light objects. The
accuracy of the levels, which are mounted to the object support surface,

is +2 seconds and the optical equipment is capable of measurements of 4=-0.001
inch.

This laboratory also uses a moment detector system, in conjunction

with the optical system _or center of gravity locations, where an accuracy

beyond 0.01 inch is not required.
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2.6.2 System Description: The center of gravity program consists of three

subprograms. These subprograms are referred to as the Optical System,
Bytrex System and Spherical-Segment Air Bearing System.

This section is composed of a discussion of each subprogram with the
purpose of revealing the progress that has been made on the Center of Gravity

program

2.6. Z. 1 Optical System: Due to the need for a measuring system that could

conveniently be used to locate the distance of the center of gravity of objects,
of varying shapes and sizes, with respect to any reference point on the object
itself, the following optical equipment was purchased from Brunson Instrument

Co., Kansas City, Mo.

(1) #76 Optical telescope transit square assembly with a two inch
minimum focusing range, a hollow vertical spindle, #190 optical
micrometer, #195-T coincidence leveling vial. #191 projection

reticle and fixed elbow eyepiece.

(Z) #Z00-10-AM tooling bar assembly with two spec,al support

stands having 19 inches travel and a height of 35 inches, and
telescope carriage.

(3) Miscellaneous equipment: #187 box level, #185 stellite mirror,

three bulls eye leveling vials, #197-H mounting ring, #235-5 theo-
dolite adapter, #708 Bi-filar target, #721 decal target, #717 plug
type end view target, #706 side view target and a #709 bulls-eye

target.

The system consists basically o5 a 10 ft tooling bar extrusion

mounted on two mobile tooling bar stands, a master index bar, a scale and
vernier, a telescope carriage, a telescopic transit square, an't a colli-.
marion mirror. (See Figure 69. )

The main telescope is provided with a special short focus (1 {nch from
micrometer to infinity), so that full advantage can be made of the angular

resolution when making measurements.

A cross telescope is used, in conjunction with a collimation mirror,

for establishing the sighting plane of the main telescope perpendicular to
the tooling bar. Special brackets were designed and built for mounting the
mirror to the toolirg bar.

The transit has a hollow v_rtical spindle which will allow vertical

sightings from the tooling bar if the transit is mounted to _ special offset
bracket.
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An optical micrometer is provided in the main telescope and is used

for bucking in the transit when a set up is made.

Tests were.conducted, using a Brunson LLne Scope (#I172) for c611i-

marion, to determine the accuracy of measurement taken with this system•

The tests were completed on February 15, 1965. The test procedure is

located in Appendix C J, and the data is recorded in Table ;.l.

The results of these tests indicate that a distance, between clearly

defined points, can be measured to within +_0.001 inch with the present

optical system•

A new alignment system, which includes a mirror mounted on one

end of the tooling bar positioned s_ch that the face of the mirror is perpendi-

cular to the line of sight of the cross telescope was installed to replace the

line telescope. Testing similar to that conducted in the Optical System

Program was performed for comparison of accuracy of the new alignment

system against the original method of using the line teJescope. This test

was completed on February 19, 1965. The test procedure is located in

Appendix C2, and the data.recorded is in Table 2,8.

Th_ results of these tests indicate that t_e accuracy of the system was

not affected by the change in the method of collimating the telescope.

This method of collimation was selected because itwas the least

expensive, easier to set up, and requires less floor space for operation.

The present optical system has an accuracy of +.0.001 inch using

extreme care when operating. Ifan accuracy of +.0.001 inch is to be

obtained in locating the center of gravity of objects, the measuring system

must have an accuracy better than +.0.001 inch ifany other errors are

introduced into the test. Therefore, development of a more accurate

dimension measuring system is needed to allow taking advantage of improve-

ments in the state of the art in other parts of the center of gravity determi-

nation system.

2.6. Z.Z Moment Detection (Bytrex) System _or Location of Center of Gravity:

Itwas desirable to develop a system that could be used for rapidly

].ocatingthe center of gravity of large and heavy objects where exteme accu-

:racywould not be required.

A moment detection system was considered to be the least expensive

as the major components of such a system could be purchased and would

not have to be developed by the laboratory.
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The equipment that was purchased consists of a Z5 in.-lb and a Z50

in. -lb Moment Detection Unit and an Instrumentation and Power Supply
Unit. These items were r_znufactured hy the Bytrex Corporation, Newton,

Massachuset£s. The moment detector produces an electrical signal directly
proportional to any unbalance moment about its center. It has two perpendi-
cular axes of sensitivity and resolves unbalance moments into two compon-

e, Lts. The portable instrumentation and power supply unit amplifies the
electrical signals to a level high enough to drive a meter movement. A zero
suppression arrangement extends the effective r_nge of the meter. The

related equipment furnished by the Mass Metrology Laboratory includes two
new test object support surfaces and a support and leveling stand that incor-
porates four overload protection arms.

With this system, the center of gravity of an object can be located by:

(1) placing object on the rn_,ment detector support surface

(Z) reading *-he unbalance moment

(3) dividing the unbalance moment 0y the weight of the object.

The moment detector indicates the unbalance moment in two perpendicular
axes. The test object must be repositioned to locate the center of gravity
relative to a third axis.

Figure 70 is provided to show th_ Moment Detection System component
relation. The system as shown ,_as completed on December 3, 19_4. The

following ;q a descriptio_ of each component of the present system.

Z. 6. ?.. Z. I Test Object Support Surface: The test object support surface

is an 18 inch square, I/E-inch thick, hard anodized aluminum plate. It
is inscr:Oed with perpendicular positioning lines which run from +x to -x

and from +y to -y.

2.6.2. Z.2 Support and Leveling Stand: A stand to support and level the

moment detector was added to the system. The moment detector must be

leveled before reliable results can be obtained. The support surface is

positioned at a convenient height for testing large and heavy test specimens.

Z. 6.Z.2.3 Overload Protection Supports: Four protection supports protect

the moment detector against overtoad damage. These support arms are

designed to take-over when an object weighing more than 250 in.-Ib is

placed on the test object support surface.
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Z. 6. Z. Z. 4 Moment Detector Unit: The moment detector consists essentially

of a vertical bending element bolted to two horizontal plates. The bending
element has eight bonded wire strain gages cemented to it to sense bending

strains. These gages are mounted into two separate Wheatstone Bridges,
each composed of four gages mounted two and two on opposite sides of the
neutralbending axis. These gages change their electrical resistances

proportional to straln, and electrically unbalance the Wheatstone bridge.
When voltage is _pplied across two corners of the Wheatstone bridge, an

output voltage directly proportional to bridge unbalance appears e cross
the output connections.

The object support surface, fastened to the top of the bending element,
is machined and positioned so that its edge.q are precisely located with respect
to the centerline of the moment detector. The bottom plate is drilled so that

the detector may be bolted down. A rugged cyiiudrical cover encircles the
bending element.

These detectors can withstand a vertical load ten times their moment

rating. The accuracy of the unbalance moment readlng is not affected by the
vertical Ioa_J.

Z. 6.2.7.5 Instrumentation and Power Supply Unit: This unit operates on

four flashlight batteries which give about I00 hours of service. Its basic
components are an oscillator which supplies voltage to the strain gage

bridge, a detector, an amplifier, and a meter. Feedback circuits are used
to achieve maximum stability. The principal operating controls of the
unbalance indicator are an operation selector switch; an add-to reading
switch, which is used to increase the range of the meter and select proper

polarity; a meter adjust control, which is used to set the amplifier gain;
two zero sets, one each for the x-x and y-y axis to bring the meter to zero

with no applied unbalance; and two span controls, one each for the x-x and
y-y axis used to set the c_libration of the system.

The indicator and mordent detector are connected by a 20 foot c__ble
with connectors at each end.

The indicator reads in percent of in. -lb of full range of the detector.
For example, an 80 percent reading with the Z5 in. -lb detector ind'cates
an unbalance of Z0 in. -lb about the center line of the detector.

Z. 6.2. Z. 6 System Accuracy: The accuracy of the Moment Detection System
is affected by the weight of the test specimen. As the weight of the specimen
decreases, the absolute value of the unbalance moment that must bu indicated

for a given accuracy of the ccnter of gravity location also decreases. For

example, on a 4000 pound test specimen, the unbalance moment must be
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determined to 4 in.-Ib to locate the center of gravity to 0.001 inch. I.fthe

test specimen weighs 1000 pounds the unbalance moment must be known to

I in.-lb for the same 0.001 inch, center of gravity location.

The manufacturer states that the unbalance readings are accurate to

+_lpercent of indication or _ 0.25 in.-Ib on the 25 in.-Ib unit and 2.50 in.-Ib
for the 250 in.-Ib unit.

Error analyses tests were run on the two "By,rex'" units. Out of

fifteen (15) readings the average error in tl_.e25 in.-Ib unit was 0.007 in.

From nine (9) readings, the average error of the 250 in. -Ib unit was 0.003

in. Each m_it was first calibrated above 95_0 of scale reading.

Itwill be possible to measure the center of gravity to the nearest

0.01 inch on the 250 in.-lb uni_ with care. However, itwill require great

care to obtain this accuracy on the 25 in..!b unit.

The test procedure is located in Appendix C3, and the data is rP__orded

in Table 29 and 30, Figure 71 presents a graph depicting indicated moment

versus actual moment 25 in.-Ib detector, while Fi_tre 72 presents a graph

using the 250 in.-Ib detector.

A test was also cond,_,ctedo_ February 25, 1965, to determine the

accuracy of locatin_,the center oi g:avity of a test sperinxen using the

optical s_,stem with the Bytrex system. The eame test specimen, a brass

51ock, was used as in a previous test where depth gages were used for
measurements ox dimensions.

In the previous test, measurements were taken frorv the edge of the

brass block to the center o£ the Bytrex unit. The block had to be positioned

parallel to a plane through the center of the moment detector for this

measurement to be of any value in locating the center of gravity of the

specimen. Locating the center of gravity of the specimen, by rr_easuring

from scribed cross-marks, eliminates t]-.enecessity of tb-:block being in

this parallel position, thus removing a source of error. T'_is can be easily

done when using the optical telescope.

Eleven readings were taken, ten representing approximately 10_0

intervats of unbalance moment and the last reading at 5_0 of unbalance
moment.

These readings produced an average error of 0.003 inch in locating center

of gravity as compared to an average error o_ 0.009 inch in the test using

depth gages. This represents an increase in ".ccuracy of better than 60_0.

The tests were r_ade using the s_:-._¢moment detector (25 in.-ib ), the same

specimen (brass blocki, a:_Jat the same room temperature of 70°F.
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The test procedure is located in Appendix C4, and the test data is
recorded in Table 31.

Table 31 Bytrex Test

Date: 2-25-65 Temr" 70 °
PRELIMINARY BYTREX TEST

USING OPTICAL MEASURING

R H 36%

Run Indicated Actual indicated Error

No. Unbalance C G From C G From

% in-lb Bytrex Center Bytrex Center (in.)
(in.) (in.)

1 94. 5 3.469 3.468 0. 00!

2 85.5 3.137 3.138 0.001

3 75.3 Z.764 Z.763 0.001

4 65.7 2.415 2.411 0.004

5 55. I 2.020 2.022 0. 002

6 45. I I.652 I.655 0. 003

7 34.7 1.275 1.273 0.002

8 25.0 0.910 0.917 0.007

9 15.Z 0.550 0.558 0. 008

I0 I0. 1 0.366 0.371 0.005

II 5.0 0.184 0. 183 0.001

r

AVG. ERROR 0.003

MAX. ERROB 0.008

Based on the results of the above tests, it is recommended that the

Bytrex stand be modified to allow 90 ° rotation of the Bytrex unit. This
will permit measurement in two axes using the optical equipment, _,:_hout

disturbing the position of the test specimen relative to the support surface.
The design and fabrication drawings for this modification bare been completed.

Another modification is suggested that would involve the addition _f a

weight sensing device at the base of the moment detection unit to measure
the test object weight at the same time the unbalance moment is being recorded,
The major advantage of such a system is that it readily lends itself to a system
for automatic read-out of the center of gravity locations from a constant

reference point on the object support surface.
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This automatic system wili require only an electronic circuit that

would perform the following mathematical operation:

Unbalance Detector Distance from

Moment X Capacity - Detector Courter
Indication To Reference Point

Test Object We.!ght

A prototype system could be developed and evaluated, using the

company owned PACE analog computer.

Performance tests of the system would also be performed to establish

the system accuracy and develop a set of performance curves. These per-

formance curves would consist of plots of acduracy vs weight of test object

and accuracy vs center of gravity elevation of test object. The objective

of this modification is to perfect a system which will be relatively immune

to human errors in operation of the test equipment.

g. 6.2.3 Air Bearing Table for Location of Center of Gravity: The air
bearing table consist of: (See Figure 73.)

(1) A test object support surface

(2) A spherical-segment air bearing .-

(3) Three staoilizingair cylinders

(4) An _.ircylinder control valve.

(5) A support and leveling stand

(6) A test object positioner
)

With this system, the center of gravity of an object can be located by

; placing the test object on the support surface and positioning the object

until the support surface becomes and :-emains level.

_ The support surface, attached to a segment of a hard-anodized, alumi-

num, sphere, is supported by air pressure.

3 The air bearing can be safely operated using i0 psi to 60 psi of air
pressure.

When a test specimen is being supported in a level position, the center

: of gravity of the specimen is then coincident with the pro-determined cente_

_ of grvvity of the system.
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FIGURE73 SPHER'_CALAIRBEARINGTABLEFORCENTEROFGRAVITY
DETERMINATION
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Z. 6.2.3. I Equipment Description

2.6.2.3. I. I Test Object Support Surface: Two support _rfaces are used.
One is a 24 inch diameter x 1/2 inch thick hard-anodized alurr.inum prate,

which is lapped to a flatness of 0. 0005 inch _nd the other a 24 inch
diameter × l inch thick surface composed of two 1/16 inch thick hard-anodized
aluminum sheets bonded to each side of a honeycomb core and lapped to 0.0005

inch ilatness. The aluminum s,-pport surface is for use with heavy test objects.

Thi_ aluminum support surface is used to prevent objects having feet, pads,
o_.- other small supports from rupturing the honeycomb _ore. A light-weight

support suriac_ is needea to increase the sensitivity of the system when
small or light objects are to be tested.

These object support surfaces fasten to the spherical segments of

hard-anodized aluminum by means of four 1/4 diameter fiat head stainless
steel screv, s.

Z. 6.2.3. 1° 2 Spherical-Segment Air _earing: The air bearing consists of

a segment of a 5 inch nominal radius, hard-anodized, aluminum cup. The
cup is fastened into a stainless steel air chamber. The cup and ball are

lapped to a roundness of 4 millionths of an inch.

The air for operation of the bearing is filtered to 7 microns and

supplied to the air chamber of the be&ring through 1/8 inch O.D. nylon
tubing. The air then passes through a series of very small holes in **he

cup and forces the ball to ride on a layer of air with no metal contact.
A I/4 diameter hole in the center of the cup _tllows air to enter a sealed

air chamber below the bearing.

This chamber of air dampens vibrations of the ball caused by air
flow.

_ teflonring z.round the edge of the cup prevents contact betw¢ en the

ball and cup whe_ the air supply is off.

2.6.2.3. I.3 StabilizingAir Cyli._ders: Three air cylinders are mounted,

120_ apart, below the object support surface. Th_se cylinders have a I/2
inch diameter bore and a 1 inch stroke and are used to stabilize the object

support surface while a test object is being repositioned. Each cylinde.r
has an individual needle valve used to control the rate of plunger travel.

Itis _ecessary that the three cylinders make contact with the suppc ct surf._ce

at a: ,roximately the same t'-me. This is necessary to prevent tipp,ng o-¢ the

_upF ,rt surface and causing unwanted moverr_ents of the test object.
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._. 6.2.3. 1.4 Air Cylinder Control Valve: The air cylinder control valve is

used to control air flow to the three air cylinders. This thrce-way valve has
ports for air input, air extraction and system bleeding.

2.6.2.3.1.5 Support and Leveling Stand: The object support surface is held
28 inches %ove the floor by this support stand and a floor area of 5 sq. ft.
is needed for proper operation of the equipment.

The stand consist of a 7.25 inch O. D aluminum tube welded to a three

legged base. The base is 1.25 inch t._ick steel, machined such that three
arms protrude 8 inches from an 8 inch diameter center section. The three

arms are 120 ° apart and each contains a :cycling pad. Attached to the steel

tube is a bearing-supported rotating arm: referred to as the test object
positioner.

2.6.2.3. I. 6 Test Object Positioner: The test object positioner consists of
a micrometer, mounted on a 3/4 inch diameter shaft that is movable in a

horizontal direction. The horizontal shaft is held by an adjustable, I. 50
inch diameter, vertical shaft. A rotating arm supports the vertical shaft.

This arm extends approximately 16 inches from the center of the stand and
is mounted to the 7.25 diameter aluminum tube. The arm is mounted on a

ball bearing and rotates freely through 3b0 ° and may be locked in any
position. A micrometer positioner is used to obtain very small movements

of the test objects in order to secure a level condition of the support s'_rface.

2.6.2.4 Operation: When a test object is positioned on the support surface
suct: that a level condition exists, the center of gravity of the test object

is then known to act through the pre-determmed, center of gravity of the
system. It is then necessary to locate this plane w-"action t_ a rcfcrence
point on the test object. Rotation of the test object and support surface

through an angle of 90 ° a11ows the location oi a second plane to the same
reference point. Tt is then necessary to reposition the test object so that
it rests on a surface or side that is 90° from the initialplane of rest. The

third plane of action can then be located from the reference point.

2.6.2.5 Evaluation: Final assembly of the present system was completed

on May 19, 1965 and testingwas started immediately. The test procedure

is located in Appendix C5.

The results of the tests are summarized in Table 32. The maximum

location error is the greatest displacement o,_ the center of gr'avitymark

on the specimen from the table center, at any point of table rotation. The

repeatability error is the r_aximum spread between location errors. It

is apparei_t from Table 32 t_at large errors in location o_ center of gravity
exist, but the causes cannot be determined from this test. The location
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error is in effect a summation of all errors, whether in the system or in the

specimens. Probably the largest component is the error in the marks on the
specimens.

Of greater significance is the repeatability of t_.e error readings, which
is in the range of 0.00| to 0.00Z inch. A standard deviation of the six repeat-

ability values was computed, using the equation:
i=n

(x i - x) 2

s = i--l (164)
n- 1

where:

s = standard deviation
i = test number
n = total number of tests

x i = individual error .readings
l:n

x.
1

i=l
x = mean error, -

n

Substituting the repeatability errors from thiu test into Equation 164 produces
a standard error of 0.0013 inch, which is an indication of the random error

in the spherical air bearing table and optical system. When standards with

more accurate center of gravity location marks are available, tests should
indicate errors approaching tl_ s:andard error.

Attempts were made to correlate the test error with other parameters

such as specimen weight, elevation of the specimen center of gravity, location
of the suspended system center of gravity with respect to the center of rotation
of the spherical bearing, air pressure in the bearing, room temperature, etc.
No clear-cut trends could be detected.

2.6.2.6 Recommendations: From the tests it is concluded that the system

has an ultim_.te a_curacy capability approaching 4 0. 001 inch. The errors in
location of the center of gravit_r marks on tee specimens obscured much of the

remaining system errors. A large number of additional tests are needed
before a meaning£ul evaluation of the system can be made.

It is recommended that the following modifications be made to the air
bearing center of :,_ravity system.
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(1) Larger capacity air cylinders are to be added to the air bearing
table. Wnen the present cylinders are adjusted for slow trave! the
rate ct travel cannot be controlled accurately. It is necessary that

all three cylinders arrive at maximum travel at the same time to
prevent tipping of the object support surface and therefore displacing
the test object. The present cylinders also do not have rite capacity
to ]:.ft objects in excess of 300 lbs while adjusted for slow travel. Slow
travel is necessary to pre._ent large vibrations from disturbing the test

object position. Three air cylinders are needed to support the test
object while it is being positioned on the air bearing table.

(2) A new suspended counter-weight system will be added to the air
bearing table. This system is necessary to correct unstable conditions
of the system created by test objects whose center of gravity and weight
are such that the total center of gravity of the system (test object included)

is no longer within the area of the spherical bal _egment of the air bearing.
The present counter-weight system consists of three 3/8 inch diameter
rods attached to the tes'. object support surface from which various sizes

of weights may be suspended. When large weights are suspended from the
rods and the test object causes the support surface to tilt, permanent

deflections of these rods may occur, resulting in erroneous center of
grax ity location.

(3) The optical system is to be combined with the air bearing table on
a common base. 'Ibis design will result in a center of gravity system
that is cornplete within itself and wou!d require only an air supply for

operation. (See Figure 74_

Tests are to be conducted to determine the accuracy of the modified

equipz_ent and to develop system performance curves. The curves
are to represent the tests made with various air pressures supplied
to the _ir bearing, at.curacy vs weight, and accuracy vs vertical

elevation of the center of gravity of the test object.

Z. 7 FACILITIES AND EQUIPMENT

Z. 7.1 Description of Laboratory: Because of the strict specialized require-
ments of the contract work, it was necessary to construct a new facihty
expressly for the effort. Construction of the laboratory waq started

in June, 1964, and completed in October, 1964. The facility contains 4, Z0O

square feet of floor area, including a 144 square foot isolation pad. The pad
was built with a separate deep foundation to isolate it from the building
structure. The entire area is kept at a constant temperature and humidity

by a special heating-air conditionxng system.
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Access to the laboratory is via one of two air locks which prevent
dilution of th_ controlled atmosphere. The main entrance air lock doors

are secured by solenoid operated latches which are electrically interlocked
to prevent simultaneous opening of both doors. The service air lock contains
large overhead doors for oversize objects.

2.7. Z General Laboratory Improvements: During the course of laboratory
activitieson the major tasks, numerous other support projects were accomp-

lished. Most of these were design and fabrication of equipment to improve

laboratory operations. Some of the major ef;orts are discussed below.

2.7.2.1 Photocetl Timing Device: The government-furnished photo electric

period timing device was improved considerably, but further improvement

in the accuracy of the device are required. In order co improve timing

accuracy, the velocity of the light intensity change, cn the face of the photo-

ceil must be such that the time required for a signilicart intensity change

is small compared to the time being measured. A _tudy of possible methods

was made, and decision was made to pursue the technique of velocity magni-

fication by an optical lever arm. The intentwas to project the rotating light

source to a photocell some distance away.

An experimental light source was constructed using an inexpensive

Zirconium arc lamp having an arc diameter of 0.005 inch, and a short focal

length high speed lens. This light source proved to be effective up to about

25 feet with the photo-diode as a detector. The system proved to be inferior

in timing accuracy, however, because of a large amount of instabilityof the

arc. The amount of transverse wander of the arc -vas in fact larger than

the totalarc width. In view of these poo_ results, the project was abandoned.

The arc instabilityproblem could be solved by using a larger lamp in

conjunction with a suitable aperture to control the size, which would in turn

require a high speed long focal length optical system. Considering the high

equipment cost of such a system, itwas decided that efforts would be better

expe:_ded along other approaches to the problem. Two proposed tnethods which

have not yet been evaluated are a laser lightsource and a high magnification

l_ns system for increasing light source deflect'on.

2.7. Z.2 Capacitive Motion Transducer: In the mass properties of liquids

test program, many of the measurement requirements are identical to those

for the moment of inertia program. Both require measurement f t_._elength

of the oscillation period, and a photoelectric counter was used fox both proje, _.

For amplitude measurement, a device is needed which will indicate the v_lue

of peak angular displacement of the oscillating object, from which an envelope

can be constructed. The capacitive transducer was selected for use both on

the moment of inertia and the mass properties of liquids program. The
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applic_.tion to the moment of inertia program has been previously described

in paragraph _. Z. 4. 1. The application to the mass properties of liquids
prograr._ was accomplished in a somewhat different manner, both mechani-

cally and electrically. Flat capacitor plates rather than cylindrical were

used here and are in a "twin T" circuit arrangement rather than a modulated
oscillator. TBe performance of the unit proved to be very satisfactory, f.'lly
justifying the effort expended in development.

A complete technical report of the design and testing of the unit is
presented in Appendix D.

Z.7.2.3 Analog Computer: Upon the decision to purchase a PACE TR-48

analog computer for the Mass Metrology Laboratory, SPACO embarked on
a program to familiarize the laboratory personnel with operation of the unit.
Two o[ the laboratory engineers attended a short course in analog computer

fundamentals given by the'mant_facturer. Following this, a paper was pre-
pared by one of the engineers, outlining the computer f_mdamentals for use
by others in the laboratory. This paper is included in thi:_ report as

Appendix E.

Z. 7.2.4 General Laboratory Improvements: Numerous other improvements
were made in the conduct of the laboratory, by virute of i_nprovements in
facilities, some of which are listed below:

1. Leveling plates were installed on the ovcrhead ceiti_ig beam to
improve the accuracy of torsion rod calil_ation test_.

2. Two air filter regulator units w_re designed nnd constructed for

the air bearin_ units.

3. An air line pr_._ssure drop warning system was designed and
installed.

4. An electrical ground bus was installed for electronic instruments.

5. A hydraulic lift for handling dumbbell standards was procured and
modified.

6. A portable cart was designed and built for transporting and leveling
the laboratory surface plate.

7. Two new moment of inertia standards were built, and the others

were refinished to precision tolerances.

8. Several additional torsion rods were fabricated.
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9. Test standards for the center of gravit7 and product of inertia

program were designed and built.
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APPENDIX A_

Torsional Pendulum System

The equatiou of motion oi the torsion system shown in Figure AI-I
about axis 0 - O' is

I B = T {moment or torque). (At-l)

The ?orque is proportional to the angle of twis_

T = -K O (the minus sign shows an opposing force) (AI-2)

Therefore

I b" + K O = O. (AI.-3)

A ,_tandard solution gives

e = eo +os t (AI-4)

where

8o = initial angle.

now

=_/_'- (AI-5)

since

2_

w _ Z._f= _-,

then

KT 2 (.AI -6)
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FIGURE AI-1
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The development of t? e expression for the torque an_ the value

of K is obtained :'rom " igure AI-2. The shearing s_ra-r, is the elongation

divided by the length, or r0 . For s-aall angles -$ = r0 aFproxi-
L L

mately. TLerefore, the strain is approximately equal to 0. The torque
associated with the force acting over the area of the cylinder cf radius
r and thickness dr is

dT = (Area) (Stress) (Distance Arm) (AI-7)

= (2-rdr) (nre____)( r )
L

where the stress is _(tt _, and is the modulus of rigidity.

Therefore,

R

T = f 2r.nOrCdr (i_I-8)
O L

and

T = .-rOnR4 (A1-9)
ZL

Let

ff = .'rR* (kl-lO)
--_, the ?olar moment of inertia.

Then

T : Jn0 :AI II)
L

or

T = KO where K = fin (Al-12)
L
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The equation of motion of a damped torsional penc.ulum system is

I ()" + C O + K0 = 0 (Ai-13)

Is _olving this equation a-sume a solution e = e bt. Now Equation AI-13
becomes

(Ib2 + Cb + K) e bt = O, (Ai-I_)

and

Now ebl t and eL2 ( are both solt:tions to Equation A[-i3. The general
solution is

0 = ClebZ t + C2e b2t, (AI-16)

where CI and C2 are arbitrary constants. Two solutions, real or

complex, are possible--depending onthe value of (___ 2. If (C)'>K/I,
both values of b are real and it can be ?.own that this solution yields

no oscillation but merely a return to eq,_ilibriurc.. For Ci1___= K__,
I

m

the 4amping ._s.._called"critical damping".. For damping less than

CI_.I K__ Equation Al-15 can be rewritten ascritic_l or, < I

z-'i -+ J " " {A_-IY)

Now Equation AI-16 becomes

,) ,,,_,,,e = C_e -C +j t+ C2 e

where

q " • (AI-19)
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Then Equation A 1-18 becomes

- Ct

Z'_ (C,e jqt d,e-jqt ) (Al-gO)e = e + .

Equation AI-i9 can be written as

-Ct
2I

0 = e {C (cos qt + i sinqt) +C_(cos qt isinqt)]

-Ct
2I

0 = e [(Ci+ C i)cos qt+(iC1 - iC2) sinqt]

-Ct

2I
0 = e [C_ cos qt + C_ sin qt] (AI-21)

where q is defined in AI-).9. Using the relationship

_a _ + b 2 sin (tot + _1) = a cos ,.,t + b sin wt

Equation AI-21 becomes

- Ct

0 = Ae 2I sin (qt + _) (A1-22)

where

A = _/C;2 + C_2 , (AI-Z3)

is arbxtrary and _ is arbitrary,
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APPENDIX AZ

Torsion Rod Calibration Test Procedure

PURPOSE: To determine the spring cons,ants of various
torsion rods.

EQUIPN_ENT: (1) Overhead "I" beam with leveling plates
(g) Photocell timing devicp
(3) Hewlett-Packard 524 D Electronic CouiL[er

(4) Hewlett-Packard 560 A Digital Recorder
{5) Radian scale, light and mirror arrangement.
(6) Dumbbell Standards
(7) Torsion Rod

SET UP: it) Turn ov electronic equipment for warm up.

(Z) Level leveling plates on "I" beam.
(3) MCunt rod ,_umber to the leveling
plates.
(4) Attach dumbbell to rod so that the center
o£ the du_bbell is on the vertical axis of the
rod.

(5) Place the teflon be;._ ;.Dg agaln_t th_ rod
with minimum of presoure.

(6; Place the wand on the dumbbell and a!ign
the photocell and light.
(7) Place radian scale 140 inches from the

center of the air bearing table.
(8) With the rod aligned, table leveled, and
specimens mounted, zero the wand and photo-
ceil device and zero the light source on the
radian scale.

TEST PROCEDURE: (1) Set test up as described in set up.

(2) Gradually displace the dumbbell, increasing
its amp.:,tude until it reaches 0.05 radians then
release the dumbbell and let it decay to 0. 035

radians. At 0.035 rau_ans start recordi.ng data.
Record data until the displacement reaches 0. 001
radians.

DATA: (1) Test No.

(2) Date-
(3) Personne'-
(4) Temperature-

(5) Humidity-
(6) Torsion Rod -
(7) Dumbbell-
(8) Total cycles -
(9) Period read out with displacements -
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NUMBER OF TESTS: (I) Run each test 3 times.

(Z) Record the period every 20 cycles for a
I0 period average.

(3) Record displacement every 0.001 radians.

SPECIAL WORK: (I) Plot period vs total cyclea_z-_y period
recorded. Average ti_t_pertods betwee_.002

and 0.001 radians and record ._.
(2) Plot period vs displacemen'_-_every 0.0_

radians

Written By: '%_'.

Approved By:

Date:
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APPENDIX _.3

Moment of Inerti_ Test _rocelure

PURPOSE: To determine the moment of inertia of an

object by using the air bearing table.

EQDIPMENT: (1) Government furnished 24 inch air bearing
table.

(2) Photocell timing device
(3) Hewlett-Packard 524 D Counter

(4) Hewlett-Packard 560 A Digital Recorder

(5) Radian scale, light and mirror arrange._ent
(6) Torsion Rod

(7) Test Object

SET UP: (1) Turn on electronic equipment for warm up, :
(2) Place the test object on the air bearing "_
table such that its center of gravity is over the
center of the table.

(3) Set air pressure at Z5 psi.
(4) Level air bearing table on I};_ iso-pad.
(5) Mount torsion rod and align it vertically.
(6) Place wand on air oeering table.
(7) Place radian scare at 140 inches from the

center of the air bearing table.
(8) With rod aligned, table leveled, and

specimens mounted, zero the w_nd and photo-
cell device and zero the light source on the
radian scale.

TEST PROCEDURE: (1) Set test up as described in set up.
(2) Gradually displace the table, increasing
_ts amplitude until it reaches 0.05 radians then

release the table and let it decay to 0. 035
radians. At 0.035 radians start recording d-ta.
Record data until the displacement reache_ 0. 001
radian.

DATA: (t) Test No.
(a) Date-
(3) Personnel-

(4) Temperature-
(5) Humidity-
(6) Torsion Rod -

(7) Test Object -

(8) Total cycles -

(9) Period read out with displacements -
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NUMBER OF TESTS: {l) Run each test times.

(Z) Record pcriod c-¢ery Z0 cyclts for a ]0
period _', _rage.
{3) Record di.splaceme_nt every O. 0Ll radiah_.

(4_ Record total cycles

SFEG-LAL WG._K: _i} Plot displacement every u. 00i rudi:ns
vs period every 0.0Ol radians to the n_._rest
0.00001 second.

(2.I Plot period ,,s total c)cles for every _eriod
recorded. Average period between 0.002 and
0.001 radians .id record

(3) Plot ?he logi0 of displacement vs totdl cycles.

Written By:

Approved By:

Date:
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APPENDIX A4

Table Ioad and Air Benr;_ng Pressure Test _-_rocedure

PUP.POSE: To determine the effect of various air pressures
in the table and various loads on the table.

EQUIPMENT: (1) Government furnished 24 inch air bearing
table

(Z) Photocell timing device
(3) Hewlett-Packard 524 D Electronic Counter

(4) Hewlett-Packard 560 A Digital Recorder
(5) Radial_ scale, light and mirror arra..gem.ent
(6) 100 pound cyhndrlcat weights
(7) Special drag adapter

SET UP: (!) Turn on electroric equipment for warm up.
(Z) insert Rod Number _ _0, level rod and table

on iso-pad. Set air pressure at psi.
(3) :.lount 100 pounds weights on table as
ShOVCT,.

FLUSH MTH
TABLE TOP

FLUSH WITH

_7 TABLE TOP

(4) Place special.drag adapte, over weights and
fasten to table top.
(5) Place ra. tan scale 140 inchez fcom the center
of the air b.-.aring table.

(6} With the rod aligned, table leveled, and
specimens mountr,d, zero the wancl and photocell
device and zer,_ th* light source on the radian
scale.

TEST PROCEDURE: (1) Set test up as described _n Set Up.
(Z) Gradually di._place the ta,:le, incrvasing its
amplitude until it r "_.chvs radiat, s then

release the table and let it decay to radian.
At radians 0..,."*....,-'.:c,'rd_,ng _,"_,_. ,_-eeco,d-
data until the displac..mc.nt , ,.'aches radians.
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DATA: (I) Test No.
(Z_ Date-

(3) Personnel-

(4) Temperature -
(5) Humidity-

(6) No. of 100 pound cyit.ldrical weights -
(7) Total cycles -

(8) + eriod r,ead out with dtsplacernents -

NUMBER OF TESTS: (i) R,,m each test tirnes.

Ca Record the period every Z0 cycles for a
l'J period average.
13) Re_:ord displacement every rad:ans.

SPECIAL _¢)RK: (1) Plot period vs total cycles for every period

recorded. Average the periods between 0.002
and 0.001 radians and record

(2) Plot the lOPl 0 of displacement vs total
cycles,

Written By:

Aoproved _y:

Date:
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APPE_'DIX A5

Air Drag Test Procedure

PURPOSE: To determine the effect of three different

drag plates on the decay rate of the air

bearing table.

EQUIPMENT: (1) Government furnished 24 inch air bearing
tabie

(2) Photocell timing device
(3) Hewlett-Packard 524 D Electronic Counter

(4) Hewlett-Packard 560 A Digital Recorder

(5) Radian scale, light and mirror arrangement
(6) Drag plate number
(7) 100 pound cylindrical weights

SET UP: (l) Turn on electronic equipment for warm up.
(2) Insert Rod No. 120, level rod and table or.

iso-pad. Set a_r pressur, _ at 25 psi.

(3) Mount drag plate number on table.
P!ace 100 pound weights on table as show,;.

FLUSH WITH _--,,,_ '",q_I--AIR BEARING

wr. ; .DRAGPLATE _-

FIGURE A5.1 WEIGHT LOCATION

(4) Place radian scale 1 ;0 inches fror_ the center

of the air bearing table.
(5) With the rod aligned, table leveled, and
speci:nens mounted, zero the wand and photocell

device and zero the hght source on th, radian
scale.

TEST Pr_OCEDURE: (1) With the test set up as described above

the testing is ready to begin.
(2) Gradually displace the table, increasing
its amplitude until it reaches 0, 16 radians then
release the 'able and let it decay to 0. 15 rad,ans.
At 0. 15 radtans start recording data. Recerd
data t'ntil the displacement reilches 0.001 radtan.
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DATA: (1) Test No.
(2) Date-

(3) Personnel o

(4) Temperature-
(5) Humidity-

(6) Drag Plate No.

(7) Number of 100 pound cylindrical weights -
(8) Total cycles -
(9) Period read out -

NUMBER OF :rESTS: _1) Run each test times.

(Z) Record period every 20 cycles for a 10
period average.

(3) Record displacement every radians.
(4} Record total cycles

SPECIAL WORK: if) Plot displacement every radians vs
period every radians to the nearest
second.

(2) Plot period vs total cycles for every per_.od
recorded. Average period betwcen 0,002 and
0.001 radians and record

(3) Plot the lC.gl0 of displacement vs total cycles.

Written By:

Approved By:

Date:
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APPENDIX A6

Temperature Effect Test Procedure

PURPOSE: To determine the effect of temperature change
on moment of inertia determination.

EQUIPMENT: {1) Government furnished Z4 inch air bearing
table.

(Z) Photocell timing device
(3) Hewlett-Packard 524 D Electronic Counter

(4) Hewlett-Packard 560 A Digital Recorder
{5) Radian scale, light and mirror arrangement
{6) Dumbbell B-60. 9308 in. -lb-sec 2

SEY UP: (1) Set thermostat to desired level and let

temperature stabilize over night.

(Z) Turn on electronic equipment for warm., up.
{3) Mount dumbbell B on the table top as shown
below with its center of gravity located directly

over the air bearing tables center point.

AIR BEARING
TABLE

D
DUMBBELL

B

FIGL;RE A6-1 DUMBBELL LOCATIOH

(4) Set air pressure at 25 psi. Insert rod
No. lZ0 level rod and table on iso pad.
(5) Place radian scale 140 inches frc, rr. the center

of the air bearing table.
(6) With the rod aligned, table leveled, and

specimens mounted, zero the light source on the
radian scale.
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TEST PROCEDURE: (1) With the test set up as described above

the testing is ready to begin.

(2) Gradually displace the table, increasing

its amplitude until it reaches 0.05 raaians then

release the table and let it decay to 0. 035

radians. At 0.035 radians start recording data.

Record data until the displacement reaches 0.00l
radian.

DATA: (1) Test No.

{2) Date-

_3) Personnel-

(4) Temperature -

(5) Humidity-

(6) Total cycles -

(7) Period readout -

NUMBER CF TESTS: (1) Repeat each test 3 times.

(2) Record period every Z0 cycles for a 10

perxod average.

(7) Record displacement every 0.001 radlans.

(4) Record total cycles.

SPECIAL WORK: (i) Plot displacement overy 0.001 radians

vs period every 0.001 radians to the nearest
0.00001 second.

(2) Plot period vs total cycles for every period

recorded. Average period between 0, 00g "tnd
0.001 radians and record

Written By:

Approvcd By:
i

Date:
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APPENDIX "A7

MIA SCHEMATIC DIAGRAMS
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APPEND'X A_

Test Procedure for Determining
'Yime Mcasu1"ement Abi}it_es of Pzototype MLA

PURPOSE: The purpose of this test is to ascertain the time
measurement ability of the developed prototype

which will be used for determining mon-_ents of
inertia.

DESCRIPTION OF DEVELOPED PROTOTYPE:

The prototype consists of a capacitive transducer

and associated oscillator/descrimin_tor circuitry
with amplifiers, which are used to derive a pulse
at zero crossing of the oscillating table and thus,
start and stop decimal counting umts for period
time measu _er,_ent.

L_.BORATORY ARRANGEMENT FOR TEST EQUIPMENT:

The developed prototype, which has _een develop-

ed for use with the 6 inch Air Bearing Table, i._
adjusted so that when the table is at rest, with
a torsion rod installed, the output voltage is
zero. {This adjustment _ay be made with a

Tripplet 630 Volt-ohm meter cr equivalent).
The air pressure and pa;'ticular choice u._
torsion rods arc depictefl by the samplp, data
sheet. Other ambient and initial c¢_nditions are

depicted by the sample data sheet. O_her
ambient and initial conditions are depicte_ by

this data sheet, including all requiretnents for
data collection.

The existing laboratory photo-electric system,
with associated counters, co,rater-timers, and
printers will be utilized to measure the oscilla-

t_ry period for comparison to the time measured
by :he prototype. In thi_ arrangement, the
txme measured by the counters sh_ll be construed
as a standard.

As an aid and _urther expalantion as to the
equipment arrangement, see FigureAS-l.
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PHOTO- DETECT,OH
IP_IT TIME

d.l

TRANSDUCER _ _E

FIGURE A8-1 TEST EQUIPMENT SETUP

REQUIRED EQUIPMENT: The list of equipment required for accomplishing
the described test are included on the test data

sheet. Substitutions may be made, but must be
recorded, in all cases, except for the prescribed
d_vice to be tested. .Substitutions should be

made wi_h ,equivalent equipment.

All modifications to the procedure established
herein should be recorded in attached sheets,

de.ted, and signed.

Written By:

Approved By:

Date:
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M.ASS PROPERTIES OF LIQUIDS
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APPENDIX B

MASS PROPERTIES OF LIQUIDS PROGRAM

LIST OF REFERENCES AVAILABLE IN THE

MASS METROLOGY LABORATORY

24 May 1965
f

I. Abramson, H. N. & Ranslehen, G. E., Some Comparison ol Sloshing Behavior

in Cylindrical Tanks with Flat and Conical Bottoms, SRI Project 43-768-Z, Report

No. 4, May, 1959.

2. Abramson, H.N. & Ransleben, G.E., A Note on the Effectiveness of Two T)'_es

of Slosh Suppression Devices, SRI Project 43-768-2, Report No. 6, June, i959,

3. Abramson, H.N. & Ransleben, G.E., A Note on Wall Pressure Distributions

During Sloshing in Rigid Tanks, SRI TR-5, SWRI Report 43-768-2, June, 1959.

4. Abrarnson, H.N. & Ransleben, G.E., A Theoretical & Expe1_mental Stud}, of

Fuel Sloshing, SWRI 1251-QPR-7, February I, 1960.

5. Abramson, H.N., Ransleben, G.E., Chu, Wen-Hwa, :_ Squire, W., A theore-

tical & Experimental Study of Fuel Sloshing, SWRI IZSI-QPR-8, May, 1960.

6. Abrarnson, H.N. & Ransleben, G.E., Simulation of Fuel Sloshing Characteristics

in Missile Tanks by Use of Small Models, ARS Journal, JuLy, 1960.

7. Abramson, H.N., Garza, L.R. & Kana, D.D.. Liquid Sloshin_ in Conlpartcnented

C}'iindrical Tanks, ARS Journal, June, 196Z,

8. Abramson, H.N., Cha, Wen-Hwa & Garza, L.R., Liquid Sloshing in Spherical
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9. Abrarnsoa, H.N., Lindholsn, W. S., Kana, D.D. and Chu, Wen-Hwa,

Research on Liquid D}'narnics in Ik_issile Fuel Tanks, TR No. 6, SWRI, Proj. No. 4-
961-Z, 1961.

l0. Baer, H.W., An Approximate Approach to the Prevention of Sloshing of an

Incompressible Fluid b_, Introduction of Mechanical Damping, Ramo-Wooldridgp_

GM-TM-83, May, 1956.

II. Baron, I%{.L. & Bleich, H.H., The Dynamics Analysis of Empty and Partially

Full Cyhndrical Tanks, Part I. Frequencies and Modes of Free Vibration and

Transient Response by Modes Analysis, Paul Weidlinger, Consulting Engineer,
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12. Baron, M.L. & Skalak, R., Free Vibrations of Flula-Fi!!_d Cylindrical Shells,
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13. Bauer, H.F., Propellant Behavior in the Tanks of Large Space Vehicles,

MTP-AERO-6i-8,, NASA, MSFC, 1961.

14. Bauer, H._'., The Effect of Propell_.nt Sloshin_ on the Stability of an
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Accelerometer Controlled Rigid Space Vehi_cle, NASA TN-D-1831, Marshall,
October, 1963.

15. Bauer, H.F., Approximate Effect of Ring Stiffener on the Pressure Distri-
bution in an Oscillatiog Cylindrical Tank Partly Filled with Liq_tid, AEMA,DA-M-II4,
Sept., 1957,

16. Bauer, H.]£., Fuel Oscillations in a Circular Cylinderical Tank, DA-TR-1-58,
April 18, 1958.

!7. Bauer H.F. Fluid Oscillations of a Circular Cylindrical Tank Performing
Liss-,jG_,s-Oscilla,'ions, DA-TR-Z-58, April, 1958.
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Damping, DA-TM-6v-59, May 26, 1959.

23. Bauer H.F. Theory of the Fluid C_cillations in a Circular Cylindrical Ring

Tank Partially Filled withLiquid, NASA,TN D-557, Dec. 1960.

24. Bauer H. 1_'. MecL_tnical Analogy of Fluid Oscillations _n Cylindrical Tanks
with Circ'alar and Ann,:'ar Cross Section, MSFC,MTP-Aero-61-1, Jan. 12., 61.

25. Bauer H.F. Mechanical Analn$7 o_ Fluid Oscillations in Cylindrical Tank-:
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26. Bauer, H.F. Parametric Study of the Influence of Propellant Sloshing on the
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APPENDIX C_

OPTICAL EQUIPMENT TEST

Test Procedure I

TEST OBJECTIVE: To determine the reliable accuracy that

can be expected when measuring object3

with the optical equipment,

TEST EOUIPMENT: CALIBRATION DATE:

I. Brunson #76 Optical

Telescope and Tooling
Bar.

2. Brunson Line Scope

(Ser. No. ll7_)

3. Surface plate Level before s_arting test

4. Accurate specimens Check dimensions with a micrometer
to nleasure

5. Micrometer

ALIGNMENT PROCEDURE: A line parallel to the tooling bar is established

by adjusting the horizontal rotation of the tele-
scope until two sight-points, on opposite ends

of the toc!ing bar, can be viewed through the
main telescope. The sight points must be
viewed without further horizontal rotation of the

telescope, Viewing the two points on opposite
end of the tooling bar is accomplished by
vertical rotation of the main telescope. (See

Fisure CI-I). The horizontal rotation axis is
then locked and the main telescope is directed

toward the position of the line scope and leveled
in this position. (See Figure C1-2.)

FVert. Rotation

Carriage __ 2_f__=-Main Telescope

/ /. __..jv Sight

U U
Figure CI-I Horizontal Alignment Diagram
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Main Telg_:ope -k ]_Cross Telescope Line Sco

_r HOriz°ntal

Carriage _1on Locked

Figure Ci-2 Line Scope Alignment

The ilne scope is then positior:edsuch that its

cross hairs of the main telescope. The line

scope is now in a position that its line of sight

is directed parallel to the tooling bar.

The telescope is then rotated untii the cross

hairs of _.hecross telescope are aligned with

those of the line scope. The measuring tele-

•scope is now viewing perpendicular to the line

of travel of the carriage.

When the telescope carriage is re-positioned on
the tooling bar, th: cross telescope must be
re-aligned with the line scope. This procedure
insures that the m_vement of the carriage is

done in a pare_:el line to the tooling bar and that
the measuring telescope has been moved in a
line perpendicular to parallel planes passing

through the two points that are to be measured.

CHECKOUT PROCEDURE: An accurately graduated scale is placed on the
surface plate, leveled, and aligned parallel to
the established line of sight of the line scope.

Six readia_s are taken of the carriage position¢
that constitated readings of the 5.000 inch dis-
tance,

Other distances, and specimens of accurately
known dimensions, should be measured as
needed to better establish a syste:n accuracy.

ALLOWABLE ERRORS: 0. 0005 inch in telescope position t
!

QUANTITY OF TESTS: A minimum of six measurements per speck.men

should be taken. _,1
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RESULTS ANALYSIS: Examination of the error in measuring
specimens of k.nown dimenslons will show

the accuracy to be expected /tom the

optical equipment in measuring objects
for center of gravity determination.

Written By:

Approved By:

Date:
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APPENDIX CI

OPTICAL EQUIPMENT TEST PROCEDURE Ii

TEST OBJECTIVE'- To determine the reliable accuracy that can
be expected when measuring objects with the
optical equipment.

TEST E_UIPMENT: CALIBRATION DATE:

I. Brunson #76 Optical 1-22-65 by SPACO Cahb:ation Lab
Telescope and Tooling
Bar.

2. Brunson Line Scope I-IZ-65 by R-C_UAL-OTM
(Ser. No. 1172)

3, Surface plate Leveled at time of test

4. Brass and Stainless Steel Checked with Micrometer at time of test

Blocks (ground and polished
to 1. 500 x 3. 000 x 5. 000

inches)

5. Graduated scale 2-15-65 (MML)

6. Micrometer (4 to 5 inch 2-15-65 by SPACO inspection
range)

ALLOWABLE ERROR: 0. 0005 inch in reading telescope pos':tion on
tooling bar

NUMBER OF TESTS: Six measurements per specirvlen were taken
and recorded

RESULTS ANALYSIS: Exa. -,ation of the error column shows that

the .... :_racy of reading the graduated scale !

is t_ 9.001 inch, where the accuracy in read-
ing the block sizes is only _.0. 002 inch.

The process for measuring the blocks was 1
re-examined and the conclusion rcached that

the additional error introduced was due to the I

tedges of the blocks being more difficu£t to
determine, with the telescope, than the thin,

black markings on the graduated _cale.

REFERENCE: Test Procedure I

" Z2.6

1965021175-240



APPENDIX c2

MIRROR ALIGNMENT SYSTEM TEST PROCEDURE II

TEST OBJECTIVE: To determine the accuracy of the optical
equipment in taking measurements when a

mirror is used to align the telescope.

TEST EQUIPMENT: CALIBRATION DATE:

I. Brunson #76 Optical Telescope
and Tooling Bar

2. Brunson Stellite Mirror Aligned before test
(mounted to one end of the

tooling bar. )

3. Surface plate for support Level at start of test

of test specimens.

4. A brass and stainless Check with micrometer

steel block. (ground and
polished to i. 500 x 3. 000 x
5.00C inches)

5. A graduated scale

6. A micrometer (4 to 5 inch

range)

TEST SET UP: Same as in test procedure C2-11, except the

Steilite Mirror is used in place of the Brunson
@I172 Line Scope.

ALLOWABLE ERROR: 0. 0005 inch in reading telescope position.

NUMBER OF TEST: Six measurements per specimen should be
taken.

RESULT ANALYSIS: Examination of the error column will show if

any additional error is introduced by using the

mirvo_ alignment system.

Written By

Approved By

Date

227/228

1965021175-241



"%

APPENDIX C 3

BYTREX SYbTEM PRELIMINARY TESTS IV

TEST OBJECTIVE: To determine the accuracy of locating the
center of gravity of objects using the moment
detection system. To determine the accuracy

of the unbalance moment readings of the
instrumentation unit.

EQUIPMENT AND ITS FUNCTION: (1) Moment detection units are used to detect

the unbalance of an object placed on a level
surface attached to the top of these units. Two
separate units were used, a 25 inrlb and a 250
inr lb.

(2) The detectors are used in conjunction with
an instrumentation and power supply unit.
This equipment was manufactured by the
Bytrex Corporation.

(3) Depth gages were used to locate the object
positions on the moment detectors.

(4) Accurate scales were used to determine t_e

weight of the test objects.

(5) Two test objects of known dimensions and
weight were used.

ALLOWABLE ERROR: + 0. 0005 inch in locating the position of test
objects on the moment detector heads.

NUMBER OF TESTS: Nine sets of readings were taken using the
250 ir_-lb unit. Each reading was taken with the

object at a different ]¢,cation on the moment I
detector,

Fifteen sets of readings were taken using the

25 ir_-lb moment detector, More readings were
taken with this unit because of its increased

sensitivity over the larger detector.

LIST OF EQUIPMENT: CALIBRATION DATE

CG-25 Moment Detector 8-64

CG-250 Moment Detector 8-64
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LIST OF EQUIPMENT: (Con't) CALIBRf, TION DATE:

CG-1 Instrumentation Unit 3-64

Mfg. By: Bytrex Corp,, Newton, Mass

Depth Gages 9-64
Scales (Shadowgraph Mod 4173) 9-6-1

TEST PROCEDURE: Each moment detector must be calibrated with
the instrumentation unit before tests are made, The calibration is

accomplished by placing a known weight at a known distance from the
center of the moment detector.

The instrumentation unit is then adjuste4 _o read this unbalance
moment.

The test object is then repositioned a desired number of times to r
cover the range of the detector. The unbalance reading aud the position

of the object are then recorded.

Test were made along only one axis. This was sufficient to determine
the accuracy of the equipment.

DATA: The data sheets indicate measured and calculated values used in the

error analysis.

Included are curves on each moment detector test showing the recorded

unbalance moment plotted against the actual unbalance moment.

RESULTS ANALYSIS: The average error of the center of gravity loca:,on
is 0.009 inch for the 25 in. -lb. detector with an object weight of 6.8122 lbs.

and 0.004 inch for the 250 [n.-lb. detector with an object weight of 98.71 lbs.

This data indicate, that the center of gravity locations for these objects
measured with their respective detector sizes are accurate 3nly to 0. 010 inch.

The maximum accuracy of the unbalance moment readings ,s 0, 50% of
indication. This compares favorably with the manufacturers value of 1%
of indication.

Based on the manufacturers unbalance accuracy of 1%, the object weight
would have to be equal to the vertical load capacity of the detector in order to
obtain an accuracy of O. 001 inch.

The test results indicate that the respective object weight_ could be _'
as small as 50% of the detector capacity for this same 0,001 inch accuracy,

SUMMARY: Additional tests are to be conducted to verify the accuracy of

center of gravity location for weights approaching the detector capaciti.s
and to develop a curve of 70 error vs object weight.
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The manufacturers value of unbalance error should be used in the

general application because it will present n_ore reliable results for the

average center of gravity locating problem. The data obtained in this test

was obtained with unusua' care and such care may not be practical :n

norlrlal applicatlons.

It is suggested that a modification be made to the support stand to

allow 90 ° rotation 3f the moment detection u "Lt. "Vhis will allow the use

of an optical nleasurlng system instead of depth gages for location of re-

ference points on the object. This could t'ien be done in two axes without

disturbing the position of the test object with respect to the mon,_ nt
detecter.

The optical system is desirable because of the capability of measuring

accurateiy to +_ 0. 001 inch and its versatility for use with irregular shaped

objects.

Written By:

Approved By:

Date:

Revision Symbol Revision Date Approved By
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APPENDIX C4

PROGRAM V

TEST HI

Preliminary Test of Bytrex System Using

The Optical Equipment for ._,_easurements

TEST OBJEC FFtE: To compare the error involved in locating

the center of gravity of test objects using

the optical equipment for xne-_surements

rather than depth gag._s.

TEST _-QUIPMENT: CALIBRATION DATE:

I. C.G. - 25 Bytrex Unit 8-64
C.G. - 1 Instrumentation Unit

2. Brunson #76 Optical Telescope I-2Z-65

and Toohng Bar.

3. Brass block 1. 500 x 3. 003 x , Check with Micrometer

5. 000 inches weighing 6. 812Z ibs.

(te3t object. )

4. Micrometer Z-15-65

TEST PROCEDURE: The test obj _ct was placed at the desired

location on the detector surface that produced

an unbalance moment, by calculation, of 80_0

of detector capacity. The instrumentation

unit was adjus,'ed to read this unbalance. One

axis was s_ficient for the purpose oi this

test. The test object was repositioned to give

unbalance reading_ at =pproximately 10_0

intervals of unbalance from 90_0 to I0_0 of the

full range of the detect-Jr. The unbalance read-

ings and the actual center of gravity of the

test object was recorded.

ALLOWABLE ERROR: __0. 0005 inch in reading the telescope pos,tion.
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ERROR ANALYSIS: The data from thi_ test indicates the accuracy
when using the optical equipme.nt was 60% better

than the accuracy obtained us.;ng depth gxges.

WRITTEN BY:
Ted WiUiams, Project Engr.

DATE: 2-Z8 --_S

APPROVED BY: _ __--
Ed Booker, Director

DATE: 3- I'-g)

P.evisien Symbol Revision Date Approved By
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APPENDIX C-5

SPHERICAL AIR BEARIT_'G TABLE TEST PROCEDURE

TEST OBJECTIVE: To determine the accuracy of the system in

location of centers of gravity of test objects.

TEST EQUIPMENT: I. Spherical segment air bearing table.

2. Brunson #76 Optical Telescope and Tooling
Bar.

3 Test specimen with center of gravity location
marks.

TEST PROCEDURE: I. Level the object support surface with no
load.

2. Locate center of rctation of unloaded table

and zero telescope at this point.

3. Place test specimen on surface an(1 move
:vith micrometer positioner until surface _.s
again level.

4. Read displacement of center of gravity
mark from telescope zero point, and record.

5. Repeat procedure a minimu,._ of three times.

z35/z_6
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APPENDIX D

NONLINEAR TWIN-T NETWORK CAPACATIVE

TRANSDUC._R EMPLOYING PRINTED CIRCUIT BOARD CAPACITORS
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SUMMARY

This paper presents the derivation and development of a :apacitive
transducer which is utilized for instantaneonA mea_ure._:'._znt: _." :n(,ulal

displace,nents. The transducer is a part of a laboratory te_t program-
which e'nploys a tank that oscillates about a horizontal axis.

The transducer employs a twin-T network which converts R. F.
energy to direct current energy. The direct current energy is suitable

for driving plotter.s or other anaiog devices. The entire transducer,
including the active capacitor, was fabricated on printed circuit b_.ai-ds,
which greatly reduce,J the- e:furt of develnping, installing, and cost of
the device.

The transducer produced satisfactory results when its linearity and

repeatability was test,.d. The development of more precise units, utilizing
a similar circuit, h_s been proven.
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"THE NONLINEAR TWIN-T NETWCRK CAPACATIVE

TRANSDUCER EMPLOYING PRINTED CIRCUIT BOARD CAPACITORS"

PURPOSE

The purpose of this paper is to illustrate the application and practicality
of the capacitive transducer for measuring angular displacement, and to

introduce a novel approach for transducer fabrication. The developed anit
ut:.lized the nonlinear twin-T network, developed by Tibor L. Foldvari and
Kurt S. Lion for conversion of radio frequency energy to direct currents

analogous to the amount of angular displacement encountered. A unique
method of fabricating capacitor plate_ for the device is disclosed, as well as
a rigorous z'nathematical derivation of the network emnloyed.

INTRt_DUCTION

The capacitive transducer offers measurement of displacements of an
object without physical contact, and thus resulting friction. The device consists

of two or more plates, one of which is movable with the displacement of the
object. For angular displacements, it can easily be seen that pie shaped plates,
similar to the sLape of plates utilized by commercial variable capacitors,
would offer a suitable configuration for a capacitance transducer. Other con-

figurations may just as easily be used, but the pie shaped plates offer a
simpl;.city of design, construction, and adjustment which is unsurpassed.

In regard to electYical concepts, the capacitor acts as the active part
o_ the entire transducer. It should be capable of yielding a repeatab[e electrical

signal analogous to a _ C (change of capacitance) experienced by the cap-_citor.

Li_ted below are several methods which utilize the capacitive transducer

for d_.splacement measurements:

I. AC voltage division
Z. Resonance Methods

3. Frequenc 7 Modulation
4. Methods employing voltage rise and fall time in regard to charging
5. Twin-T diode networks.

It is the author's belief that the Tw_n-T diode circuitry is one of the more
electronically _table ar, d simpl,, devices, offering a desirable high output impe-
dance.

ELECTRONIC DESCRIPTION

The network of the capacitive transaucer is shown as:
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CR1 R 1

L- _ _',,AZVVX,

CR2

R2

EIN C I Cz RL

v

FIGURE 1

where EIN is a chosen radio frequency signal ( in this case a square wave
generator), CRl and CRZ are diodes possessing low forward and high ,'everse

resistance, R 1 and R z are precision resistors, and R L is the load resistance
of the devices which are used for measuring displacement. The capacitances

CI and C2 were designed especially for tbe selection of other circuit para-
meters and the angular displacement to be measured. Actually C1 and C2 were

designed as a differential capacitance device. The unit may be illustraLed as:

r IGURE 2

-vhere C 1 and C z are separ._te plates of the sable area and the shaded plate, o
which is the common rotating "_late to C 1 and C 2 and whose area is the same _"

s C 1 or C 2 plus the area of the air gap between C 1 and C 2. Thus, the
haded plate exactly covers C 1 or C 2 at maximum displacement, and the

plate opposite to the covered ph, te is completety uncovered.

The advantages Gf the differential capacitance are'

(1) A deflection of the shaded plate in the direction of C 1 tends to
add capacitance to that portion of obe unit by _.C and subtract the
same amount of capacitance, _C, from C z. Thus, in a balanced

Z44

1965021175-254



network as the twin-T cLrc.;;try, a change of 2 _C is acquired,
yielding a more sensitive device.

(2) Changes in ambient temperature and humidity do not aitect
the overall performance of the d_vice, since the change is noted
and balanced by the differential capacitance.

(3) By choosir.g a suitable layout for the capacitors and accompanying
circuit, symmet--y can be obtained, optim;zing the effect of stray
capacitance.

(4) Since the capacitors C; and C z are identical, the effect of fringe
capacitance on either circuit should be equal, if all mechanical
gapping and spacing of the capacitors are equal.

The network of Figure 1 may be reduced to the following equivalent

circaits2:

R I R2

l 1 R L 12

EC 1 EC 2 Negative Half Cycle

C 1 C2
+

EIN

T-

R1 R2

!

il i_ / RL 12

E C

l Positive Half Cycle
tc I

EIN

-7

EICUR _: 3
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These equivalent circuits were constructed frorr, l the following

assumptions:

(l) The output of the square wave generator is positive during the

positive half cycle and negative during t.,e negative half cycle. (In
construction of the capacihve transducer system, d.c. restoration

to a negative square wave was essential to meet these requirements. )

(Z) Diodes CR 1 and CR z are ideal diodes, exhibiting zero forward
resistanep nnd infinite reverse resistance. (The diodeb selected,

1Ng03A, exhibit a forward resistance of approximately 50 ohms and
a reverse resistance of approximately 400 megohms. These diodes
were especially selected for these specifications and their capacity

to pass radio frequency signals. )

(3) The internal impedance of the square wave generator ,s negligible.

(A Hewlett-Packard Model 211A Square Wave Generator was used
to drive the device. The impedance of the generator, as u._ed in
the system, was 600 ohms.)

(4) The load of measuring devices on the transducer network is

represented by R L.

From these stipulations and Figure 3, the following expressions ar_."
derived:

For the negat:,ve half cycle, the following loop equationr are derived:

EC2 = EIN = i 2 R 2 - i o' R L (1) _

EC 1 = . _j,t"o ildt = ilR1 + i°' RL (2)
-1

but _o" = i I - i 2, or i I = to' + i 2 (3) ,

= . -, R L :ECl ../_1 (%t (iF + iZ) dt :- (i(_ + i2) g I + 'o

Cld o
but: i2 = EIN + i'o RL

RZ .

Then: - 1 t ( t6 + EIN -:"to KL ) dt = ( io + E_IN + iq R L) R 1 + io R L
o R z R 2

L
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Simplifying:

- 1 /,-at + E_IN + in RI. dt -=i o (R 1 + RL) + (_EIN + _o R[, ) R 1
-_i_Jo R2 R2

O

Differentiating both sides of equation yields,

- i '' + EIN + i o R dt = (R 1 + R L ) dig + RL R_ d._
C--i _ R 2 _- dT R 2 dt

Let R I = R 2 = R

- 1 "_ + E,i N, io dt = + 2R di o

C 1 R

!

- dt = (R 1 + 2RL) R dt o

C 1 Rio + EIN + i_R L

-dr = di,Q
RC 1 (R 1 + 2RL) EIN _- Ri_ 4 RLig

Multiplying both sides of the equation b) (R- R L)

(R + RL) dt = {_R+ RL) di_

RC 1 (R + 2R L) EIN + (It + RL) 1'o

which is the form du, where u = EIN + (R + RL) i_
u

Integrating both sides with respect to t,

r- -1 i' o (t)

{R +RI,) t = in IEIN ¢ (R+RL) i'd
RC I (R-: 2RL) L o

Evaluating

- (R + RL) t = In [EIN _ { R+ R L ) q - in EIN
RC 1 (R �2RL)

L-

(R + RI, .) t = In EIN + (R +RL ! _(t)
RC 1 (R + 2RL} EIN

(R + RI_) t = In _ * 12 + RI,) i_ (t}-]

i

RC 1 (R + 2RL) L EIN M
-(R + RL) t

1 _, (R * it L ) iK (':1 : e RC1 (ix ?.RL'_
EIN
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- (R + RL) t . 1

RC I (R + 2R L}

;' (t)= EiN -I (4)

"o R + RL

This equation d_ ptcts the instantaneous load current in the negative half cycle.

Using Figure ] and the stated stipulationsleads to a similar solution v,here

RC Z (R + 2R L)
_E

lo (t)= EhN___ - e (5)
R+ R L

Since the ou_,)utcurrent, Io, is the t[mo _ -erage of the :,n_antaneous currents

iJ (t) and i_ (t)
T

I o (t) + lo
O

At this point, it should be clarified that a continuous function does not exist
due to the switching per__ormed by the diodes. Thus, the integral should be
rewr _.:'.en as

T/Z T/2

where each half cycle is considered as standing alone.

Substituting for i_ (t) and i_ (t) F- (R + R L) t_.___ q

"'NT/Z L RC l (R + ZRL) JI o = I EIN -! dt

"TJ O R+R L

T f-%J T/Z RC z (R + ZP, L)

+ _ 1 - e dt
R_ R LO ' --_

m

T/2

Re I (R • ZRL)

i --[_+RLJ" +RL O

-- --I

RCz(R _. 2RL)
4- + RC;_ (R + ZRL) e

[-- R+RL O .
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Simplifying and using T = l/f

RC 1 (R * ZR L) 21

Io = EIN Rf (R -_.2R.._ CIe
(R + R, }Z t = 0

f q :q- (R + RL) t ""

RC z [R * 2R L}

IC -(R + Ri,)

ZRfC I (R + ZR L)

: EIN Rf (R + ZRL) Ie - I + C I + I
(R + RL)Z - .'-'T- Z-T-

- (R + RL} q

ZRfCz (R + ZRL)
+ Cze -C

Further Simplifying

-(R + RL) -("_'_RL) X

( 2RfCI(R* 2R_) 2--_Cz (R ”�¨�_
Io = EIN Rf (R + ZR L) I - C2 - Cle + Cze (8) -

(R + RL) 2

Equation 8 defines the current flowing th-ou_,h the load for any capacitance

value C 1 and C z. The voltage across the load may be readily found by the product

of Io and R L. The response of the circuit is dependent upon the driving source

frequency, in this case I megacycle.

Thus, rapid changes of displacement may be measured with such a c:rcuitry.

In the developr,aent of this transducer, sensitivitymaximization from the

traneducer was desired. Sensitivity may be defined as

s : _ {9}
Ac

where the sensitivity,S, isdefined as the increment of voltage measu-ed across

R L divided by the change of capacitance, AC, which results. Since E o is pro-

portional to Io, the following equation results.

sI =_C {lO)

performing this different,on3
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S I = EIN Rf (R + ZR L) (1 - e -K - Ke -K) (11)
(R + RL)Z

where K = R + R L or K = R* R..i_,. ' (lZ)
2RfC l (R + ZRL) 2RfC 2 (R* ZR L}

By performing the first derivative test 4. it war found that optimum sensitivity
occurs when

l/K: .575 orK = 1.753

It should he noted that at the maximum sensitivity point, frequency source variations

of + 10% changer-" Io less than 1%. Hence, frequency stabilization of the generator
is not critical, :,owever, amplitude stabilization would naturally be required.

It should also be re, ted that optimum linearity does not occur at optimum
sensitivity. Examination of equation 8 will reveal this fact. Optimum linearity

will occur when the exponential terms approach zero. _eIection ot circuit
components and the generator frequency such that this condition exist, may be
performed at the expense of sensitivity loss. However, the differential capacitance,

as utilized has an added advantage that linearity deviations cf less than 1% exist

when both plates exhibit the sarr_e capacitance at balance, or_C 1 = - _C? of the

partial capacitance does not exceed . 5C 1 or . 5C 2. (This is to say that each
capacitor plate is always at least l/Z covered, resulting in a loss of sensitivity. )

Appendix A illustrates the solution of the equations for development of t: •
ut:Aized transducer.

_IECHANICAL DESCRIPTION

In the mass properties of liquids program, which is currently under _tudy,
a record of in Jtantaneous displacement of the oscillating tank used in this program
was desired. Since the tank is forced to oscillate aboat a horizontal axis, a shaft

was available for connection of the movir_g plate of the capacitor as illustrated in

F:.sure Z.

Fabrication of the capacitor was performed in a rather novel manker. The
completed circuit was etched on a printed circuit board, thus enabling a neat

symmetrical layout with all components mounted to the board. This portion of
the transducer was spring floated from a wall of a steel box which completely

encapm_lates the entire transducer. By spring floating the plates C 1 and C z,
gapping between C 1 or G2 and the shaded plate was performed by simple screw
adjustmentr.

The "shaded" plate was attache¢, to the movable shaft of the tank, and

precision bearings were utilized on each end of the shaft to provide further
mechanical stability, which i- a prime requirement.
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The entire printed circuit board was gold plated to prevent corrosion

One-eighth inch phenolic board stock was used in fabrication, as an additional
aid to mechanical and electrical atab;.lity.

It should be noted that the mechanical and electrical parts, i_,cluding

the printed circuit boards, for this device coat less than $100.00. At an
increase in cost, this device could be greatly stabih=,ed, but the accuracy
achieved is adequate and the unit was fabricated as a prototype.

TESTING PROCEDURE

After he completion of the unit, the device was attached to the subject

tank. A Hewlett-Packard 21IA square wave generator was used to excite the
transducer and a Moseley 136A X-Y plotter, as the recordirg device. A block

diagram of the equipment arrangement may be illustrated as,

IS , D.C.

ewlett-Packar_lRestor_r I ridoseley 136A

Model 211A _ _ Capacitance _.] X-Y
quareWave I "C"t I Tranoducer [ Plotter

Generator-LI _a I -I

.08

FIGURE 4

This [igure illustrates two points which are worthly of mention:

(1) A radian scale, wit', pointer attached to the oscillating tank was used

as a visual readout of ang_lar displacement.

(Z) A D.C. restorer, of appx._ximately 600 ohms terminatic.n ir,zpedance
was ,_ecessary to establish the excitation of the transducer sy.mme*r_cally
about the zero axis, and to provide maximum power transfer from the

square wave generator.
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An oscilloscope was used to establish the symmetry and frequency of
the square wave generator, with a peak-to-peak output of approximately 1 3.5
volts. The plotter was set-up such that a swing from + . 16 radians to - . 16

radians covered approximately 6 I/2. inches of an 8 I/Z x II graph. This
represented --. transducer output of approximately + I. 5 volts from + . 16
radians to - . 16 radians.

TESTING RESULTS

At definite increments, as shown on Figure 5 and observed visually
on the radian scale, lines were drawn by the X-Y plotter which was excited

by the tranducer device. This figure depicts the linearity of the developed
device, Adjustments to the capacitive plates were necessary to obtain the
degree of linearity illustrated, whicn is approximat_.ly optimum. Figure 6
depicts " Ideal Vs Measured Linearity', indicating the degree of linearity

achieved. Before leaving linearity, one point should be made. Perfect
:inearity is not essential to a precise measuring system. C_- tainly it is a
desirable attribute; however, calibration charts or curves may be established,

as indicated by Figure 5, and the displacements measured to a high degree
of precision.

This condition is contingent upon the ability of the device to repeat
itself. The repeatability was found to be excellent. With the rather crude
visual radian scale employed, no ercor could be ascertained when attempting

to repeat measurements. Actually, there are very few, L:it sensibile reasons,
for :'epeatabllity deviations:

(I) A mechanical slippage or charge in the capacitive device.

(2) A cha_Ige of diode or resistor characteristics.

(3) A small change of source output voltage, or a large cha_:_e of sour e
frequency.

(4) A change of the recording instrument sensitivity.

In a well designed system, all of the above characteristics are unlikely
to occur. Certainly long-term changes will occur, but these may be countered

by establishing calibration charts periodically.

CONCLUSIONS AND RECOMMENDATIONS

The developed device, which is a very sirnple electrical system, fSee

Figure I) will prove vezy useful in further evaluation of mass properties of

liquids. In pzactice, the tank illustratedin Figure 7 was filledwith a liquid

and forced to oscillate. This method is currently Leing used by this lar,oratory

Ln evaluating mass properties of liquids. Figure 8 illustratesan actual test

252

1965021175-262



run utilizing the oscillating tank and the capacitive transducer with associated

electronic equipment

Other uses of the capacitive transducer are evident. An_ular and linear

displacements and pressure are currently being measured by capacitive devices.
Commerical units are available, one of which has a published ability of measuring
1/2 x 10 -6 znches. To reiterate, these devices lend themselves readily to dynamic

measurements. Configurations may be developed where the subject to be mea-

sured acts as an active part of the transducer.

The devetoped device has generally prove-1 itself on the system employed,
and has yielded overall satisfaction. Improvements can be made, however,
which would result in overall improved linearity and stability. (It should be
emphasised that this device was developed as a prototype unit.) The following

is a list of possible improvements which may be incorporated:

(I) Additional mechanical stabil;.ty. 1his is especially applicable to

rigidness, which may be achieved by developing a more rigid enclosure,
using a precision mechanical couple between the oscillating tank and
the capacitive device so as to avoid transmission of horizontal tank
motion to the capacitance device, and removing the device from the tank

frame. This last operation would avoid the detection of vibrations and
oscillations inherent in the tank framework.

(2) The incorporation of more precision yet rigid capacitor plates. The
pl.ntes presently use-I were fabricated as a simple printed circuit board.
This board hao definite disadvantages, such as deviations in flatness

and the "hills and valleyn" which must result in the plating process. Such
conditions may e:.szly create non-it.'.earzty problems. Further, the
movable portion of the capa_.itor could Lortainly be stabilized in regard

to side motions and gapping.

{3) Stae mot_.ons of ti,e movable plate, or rotor, may be countered to a
degree by the addition of two staLor plates which _re ix_ parallet, electri-

cally, to C 1 and C 2. This would nullify the side motior, of the rotor
plate, since an increase of gapping or spacing between o._e plate and the
rotor would be seen as a decrease of gapping or spacin_ between the
opposite plate, thus, resulting in zero capacitance ch,_nge ,'or the sid_
motion encountered. The addition of the two paraltel plates would greatly

complicate the mechanical fabrication.

(4) Incorporation of a crystal cont,'ol_ed, amplitude regulated -'qua_'e
wave generator especially developed for use with a particutar capacitance
transducer. Even though no detremental effects l_ave been noted with the

Hewlett Packard square wave generator, a more :ound engineerin?, approach
would be the development of a spccialized generator.
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(5) Addition of a provision for zero balancing the device with the

oscillating tank. Presently, a so.t-screw- couple arrangement is
being used. Due to the sensitivity of the device, this zero adjust-
ment to .001 volts is impossible. A vernier arrangement could

be incorporated, which should r,_sult in a linearity improvement.
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APPENDIX D- 1

Capacitive Transducer Ca_l_culatians

The following calculations are gtven as a record of calculations which

were necessary in the design of the previously described capacitance device:

After an evaluation of various loads to the capacitance transdacer, an
equivalent load, RL, was computed to be 90. 393 ohms.

Further the capacitance of the device as shown in Figure 2 is,

C : {.001963) I-0-) (R 2 - r 2) (1)
d

where C = the capacitance m ptco farad

-0-= the angular displacement of the rotor over the stator in degrees
d = the separation of the rotor and stator in inches

and R and r are length in inches, as shown by the figure,

@_ Cut-out Portion

Useable Plate •

Equation 1 is derived fr,_m the familiar expression,

C-- ._,:4 (A) (Z)
d

where . 2-24 is the dielectric constant,

A : the area o£ one plate in inch 2
d _ the separation xn ir.ches

and C = the capacitance in ;arad

Maxin-,,_a s_'ns[tivity was desired, Thus,

B.. = I , -- K : R + RL Equation lZ (3)

2KfC 1 (R _ 2R L)

261

1965021175-269



where K = 1.755

or C1 = R -_ R__.___ (4)
2Rf I.R _ 2R L) (._

---here R L : 90 393 ohms
f : ) megacytAe, as chosen
K : 1. 755

,nd CI and R rre unknowns

By- trialand error solution be_,'een equatiGns I and 4, itwas found that

when R = 5,000 ohms, a practicle capacitance size resuhed.

so, C 1 _ (50CC + 90. 393) ohms
Z t5600 ohms) (l megacycle/second) (1.755) (185,786 ohms)

C 1 : C 2 = 29.26711 pf (5)

(C 1 = C Z since a _qfferential capacitance was used. )

Th,.n from equation 1, letting d : . 02.= :_riches to min-lmize fringe capacitance
effect, @ = 20 °, since the capacitor is half covered (10 °) at rest and war designed
for a tank swing of I0 o, and r was set equal to I inch for practicality purposes,

C = (.001963) (20°) (Rz -I) (6)
.025 inches

R E -l = 29.26711 inches2

I.5704

R 2 : 19. 636721 inches 2

R : 4.43i3 inches (71

Thus, the design of the transducer for the dictated conditions was complete.
To con_plete the calculations and ascertain the output vo,tage of the device at differe,-t

angular displacements, the following equations were solved.

:o : EIN (R + 2R[) Rf(C I - C 2 - Cle-Kl 4 C z e -KL) (8)
(R + RL) "2

Equation 8

@ . I ° displacement, C I : I0, I ° and C 2 : 9.9 ° and deleting units

C 1 = (.001963) (i0.I) (18.63672) : 1.4.7799 pf (9)
•025

Similarly. C 2 : 14.4871 pf (10)

Then C 1 - C2 : .Z928 pf and since

I .,e"K : I = e ,-i.755 _ .8262 v,

z6z ;,
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£,

- !

Io = EIN {10. Z08Zl x i0 t*} (C 1 - GZ) #l-e "K ) (11)

Since E .... 6.7_ volts:

Io = 16. 6895 x i0" _ amps i

Then :_P'L, = (lb. -.8_.5 x 10 -8) (90,393) volt ohms

IoR L = . "_JI5Z3 vol'.s {IZ)

SimiIar!y at l0 ° displacement,

IoR L = 1.5061 voits (13)

The non-linearity which results from the r:_ponentia] terms may be

observed in equations IZ and 13. By calculation, the maximum linearity
deviation is, I00°_ - I. 5061 = I. Z4%.

1. 5250
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PUP,,POSF - :
-

c

The purpose of this paper is to pr_vlde the reader with sufficient infor-

mation, conce=ning the analog compute3, the.: he would be able to set up and
solve problems witl, ._ degree of confid_ nce in understanding the operation and

capabiliLies of the device.: This paper #iil not endeavor to tell the reader how
: to "patch" a computer. The mechanic.- of patching or wiring a cor_puter,

although differing from one to another, is straightforward and ._-y be best
illustrated by an instructor aft_.r, this p_tper has been studied.

DE_F-_._P_.IOi_ & USE

The analog computer is a simulator. It is not an equation solving machine,
whereby numbers are inserted in an equation and the answer is read. Rather,

equations are simulated by an analogous electrical circuit, wherein the operator
is required to wire or patch the computer in order that the equations may be
simulated by the circuits.

Here is where the importance of the analog computer appears.

After the circuit is wired, the engineer now has a mathematical model for
original equations. These equations may be concerned with chemistry, mechan-
ical or electrical system, in short, any system which may be described by

differential or algebraic equations. Thus, -b._ _ .na_-_ter is simulat;.ng the real
system. The primary value of the computer - realized b_ simulating and
evaluating a system before the system is built.

COMPUTER FUNCTIONS AND COMPUTATIONAL COMPONENTS

The basis of the analog computer is the operational amplifier. This amplifier
is capable of summing, multiplying by a constant, mi,Itiplying twc variables,

integration with respect to time, and generation oi functions either of dep_endent or
independent variables. In order that the reader may thoroughly understand how
the computer operates, and understand _vhat he is doir_g when he is patching a
problem, the following explanations are given.

OPERATIONAL AMPLIFIER

The ope_a:;.o__al amplifier is a closed loop (current feed-back) electronic
amplifier (tube or solid-state] wL,.h d,c ¢211nwing characteristics:

I. Very high open-loo v gain (107 - I08) in D.C. operation
Z. High input impedance (Negligible input current drain)

3. Linear ovel operating range,
_. ' 80 ° phase inverse, on of output versus input signal,

26"/

1965021175-273



The block-diagram sc'nemat_.c of the amplifier is illustrated in Figure I.

- Rf

. j-. %'V'._v--

!

O-----__vv_--__-_-_-A 2 0

VI N VOUT -

i "
0 ..,

\

FIGURE I

BASIC OPERATIONAL AMPLIFIER

From this figure, the current at node B is equal to the sum of _he currents
= entering the node.

RIN RF

But from characteristic (2), I B = 0; and if IB = 0, V B = 0, or the node B is
essentially at ground potential.

Therefore Equation I reduces to:

vm_ _-_v_m
RIN RF

or

You T = -_ vm = (z)
KIN

This is the equation upon which the entire operation of the amplifier and

consequently the computer is dependent. The use of this equation in solution of

problems and the simulation of equations will be evident in this paper.

A TTENUATORS

From equation Z, itis apparent that the output voltage of the amplifier may

be varied by changing the ratio of the feedback resistance to the amplifier input

res:%tance (RF/KIN). _Io-,vever,in most computers the selection of E.F and RIN
is limitea. The,'efore, potentio,,_etersare made available in order that the input

voltage to the amplifier may bc attenuated. This may be illustratedby the following

example: Z68
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The amplifier illustrated in Figure 2 has a gain cf 10.

Vou T
-Gain ]

rout
VIN F_IN !OK

,0OK

10V 10K I_"',_ ! - I00V

FIGURE Z

SIMPLIFIED OPERATIONAL _t,MPLIFIER

Thus, with an input of 10V to the an:plifier the output voltage equals - 100V.
The amplitude of this voltage, in the-cas:- of most solid state computers, is toc

high. So "scaling down" or attenuation of the input voltage must be performed
through a poLentiometer. For this example, the attenuation cf the input signal
will be sufficient that the output voltage will equal 5 volts, as shown in Figure 3.

100K

i0V

Vp 10K 5V

±

FIGURE 3

ATTENUATION OPERATION

From this circuit, the voltage at point Vp must equal .5 volts, since the gain
of the amplifier is I0. The potentiometer circuit is illustratedin Figure 4.
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Z

IOV

,q . 5V Vp

KR

FIGURE 4
POTENTIOMETER VOLTAGE REDUCTION

If t.be current flowing through the slider to Vp is neglected, I = V__L_, where

i_ is the entire resistance of the potentiometer. Also Vp = KIR, where R K is the
ratio of the resistance from the slider to ground to the total resistance. Thus,
K is always less than unity and for analog computer potentiometers, greator than

zero. Substituting I = __ into the equation for Vp yields

Vp = KVIN (3)

Itshould be noted from the last two figures that the input voltage is referenced

to ground. Since all incoming signals are referenced to ground, the ground wire

will not be shown in future figures as itwas in Figure I.

From the last exar_ple, K, or the pot (potentiometer) setting is K = .5/10 = .05.

This setting is not exact, since the current flowing through the slider is neglected,

hut a "ball-park" setting is achieved.

INVERTERS

The eperational amplifier, by its own design, is an inverter. FroIn equation 2,

the output voltage always has an opposite polarity to the input voltage. Hence, when

a sign inversion is desired itis only necessary to nlake R F = RIN and a gain of -I
is obtained through the arnplifer.

SUMMING

When working with analog computers, c'nany times it is desirable to add or sum

several inputs. This manipuia_ion is explaineFl by the following figure and equations:
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FIGURE 5 _

SUMMATION FUNCTION

Summing the currents flowing into Node B:

_Lu+Y/__Z__+VN +Vo =0 (4)
R 1 R z R 3 R N 100K

Ngt,_ that there {s no current flowing from Node B into the amplifier. This is

iae to the high input impedance of the amplifier, as previously mentluned.

Simplifying equation 4 in terms of the output voltage V O yields

[ ] "V O,, - li00K) .VI._Vz,V_3 + .......... + V---N- 15)
R I ' R--Z R 3 R N

Thus, the amplifier is capable of summing any number of inputs as may be seen

from the latter equation.

INTEGRATION

if the feedback resisto1"(RF = 100K) in Figur_ 2 is replaced by a capacitor, the
circuit shown in Figure 6 evolves.

VIN VOUT

IIN
B

FIGURE 6

INTEGRATION FUNCTION
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Again, since the point B is at virtual ground, !_

.IIN + IF = 0

then since _l

v_m_+cD_v_m_=0 IF--C DV _
R DT D'--T _i

"- I DT (6),- VOU T =- f VIN --]
RC :

where

.i
Gain .=1___ (7)

RC

From equa'_ion 6, it may be seen that this 'c_rcuit functions as an integrator,
where the j_ain of the integrating amplifier is controlled by the choice of R
and C, as dlustrated _n equation ,.

Ifwe assume values of R = 100K ohms and C = tO ]_fd or I0 x I0-6 farad,

itmay be readily seen that the gain of the integrator is equal to unity.

From equation 6, itmay be seen that integration is performed as a

function of time. Since the only independent variable is time, all dc:._ndent

variables must be changed to a function of time. Consider the circuit as shown

in Figure 7.

C

V 2 -

I3 ;

FIGURE 7

INTEGRATION OF SUMMATION [

Sumrning the currents into point B,
!

Ii + 12 + 13 # IF = 0 1.

Z7Z
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Substituting,

v, _L__+ c D_vv_u.r,_= o _; "_a-- +V_+ : .
.K 1 R 2 . R 3 D%'

-DVouT = _ _- V2D'£ + _V_.3___

RIC RzC R3C

VOU T = - f[ 3[1 _ V2 + V3 DT (S) _": RIC RzC R3C

From this equation, several _nputs may be summed and integrated, thus -

using the amplifier in a aual cole. _ '_" -

At this point, the reade', may anticipate subst,tution of a capacitor" - _ ",

(or capacitors) in the input circuit and _ resistor in the feedback circuit of _':5

_he amplifier in order that the reverse of integration or differentiation may be i

performed. This process is no__t usually performed, _ince the differentiator
is essentially a high pass filter. In other words, the differentiator circuit
is capable of passing and differentiatingnoise and thus, yields an invalid solution. •'

On the other hand, the integrator is essen_ially a low pass filter,capable ' '

of filteringnoise and unwantea signals, thus lending itselfnicely to ar,;1og

computer solutions,

MULTIPLICATION

From the previous sections, itis obvious that multiplication of a quantity

or vc,ltage by ,--onstant may be performed by-utilizing the gain of the amplifiers
and the selection of potentiometer settings.

The analog computer is also capable of multiplication of time varying

voltages. This is accomplished through a non-linear circuitbv a method known

as quarter sqeare multiplication. Thp identityfor quarter square multiplication
is:

XY = I/4 [ (X + y)Z . (X - y)Z_ (9)

The circuitry for tl.emanipulation of this equaticn is a gated-resistor application,

The circuitr> shown in Figure 8 i]iustrates the quarter square multiplier, which

contains fou_ diode/resistor cards.

273
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I l
MINUS I

-X [ -X R i SQUARING ,

o 4 ' _ CARD I

! +g

-:or i

LI------ 4r +x B#.^ PLUS
_v .... -7 SQUARING /

II-" ,,
I ov j

__ _ _ __'_....

! I '

.-_ SQUARING _---LI 1 L CARD

t I S -XY/;O' -
-Y o- I _'Y _ _,2 "'il

I

- "" -_/_. 3CiU," ..NG !O
- -'7 -_.,ARD II

I" JV_..._ 1 tl.l 6 i
I

_. +10V I

FIGURE 8

SIMPLIFIED QUARTER SQUARE MULTIPLI=. R
;.

From the ¢igure, each diode is reverse-biased to ,'.utoff at a potential

determined by R3 - R4, R7 - RS, RIi - Rt2, and RIE • PI6. For any diode
to begin conducting, _,he applied voltages, through the resistance legs RI - R2,
i_5 - R'_, Rq - RiO, and/or RI3 - R14 must exceed the cutorf voltage of /he
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diode (s), or the diode breakpoint. By proper selection of the resistors

shown in F_gure 8. the diodes wi]l conduct at pre-deterrnined values oi X
and Y thus controlling the output of the amplifier by the quantity of tl,e
input voltage.

It may be seen that a sign ;nverslon lakes place in this circuit and the
resultant F-oduct is scaled down by a facto:- of 10. Therefore,

X(Y) = -XY/ iO _i0)

Since the multiplier circuitry has _-X, +Y, -X, -_r, inputs, multiplication in
all four quadrants may be performed readily. Also by proper selection of
the polarity in patching the multiplier, the sign inversion can be nullified,

simply by placing +X on the -X input or +_. on the -Y input, or vice versa.

It _houid be noted that all four inputs (+X, -K, +Y, and -Y) are u __d

in _,erfoxming multiplication, even though no sign change is experienced
during the operation of n_.ultiplicat_on.

The_identity for the quarter square multiplier was stated to be
XY = 1/4 L (X + y)7 _ (X y)2 J. In order that the correlation of this

equation to the multiplication circuitry "_ay be shown, Figure S :.s further
simplified to Figure 9 as,

il = (x+ y)ZZOO

+X-j _
+A *Y - Card tn

O

¢) ASiA _.-

+B +X---[ i it = 0_ .._ y_-_
+Y _ +Card j

VOUP.

: -Ca d ' : o t

-A +Y _ + Card

FIGURE 9

MULTIPLICATION FUNCTION
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It wtll be assumed that inputs have been placed on the +A and -A cards.
(The*B and -B cards are wired internally to the +A and -A cards, bat will

not yiell a current, due to the assumption of the polal-ity of the input signals
in reference to the card diodes.) It will also be assumed that the resultant

current from erich driven card is directly proportional to the sum of the

inputs squared and inversely proportional tc the resultant val,:e of resistance
in each card or Z00K ohms.

From Figure 9, .*he summation of currents entertng poi,l * B is

II + I2 + 13 + 14 _ IF = 0 (ll_

(x -,-y)Z_ (y _ x)Z+ v__ : o ,,:z)
ZOO ZOO 5

X 2 + y2 + 2XY - y2 _ X z + 2XY = _ VOU T
Z00 5

5(4XY) = _ VOUT
ZOO

VOU T = - XY/IO (13)

This equation _.ubstantiate_Lhe quarter square multiphcation, the inversion

,-,f_i[_:.-L,and the scale reduction by a factor of 10.

One precaution must be observed when using the quarter square multiplier.

The circuitry must never be fed from a potentio13neter. Ifthe circuitry was fed

from a potentiometer, an unbalance or change to the resultant card resistances

would occur due to the potentiometer resistance, thus, upsetting the circuitry

and caLlsing erroneous multiplications.

DIVISION

From the last section of the report, itwas seen how the input to an anlplifier
?

was contro]le_ by a diode/resistor circuit and the process of multiplication was :.
perfortned. The revers_ of multiplication (division)can be performed by placing

this sarne diode/resistor configuration in the feedback loop of an operational

amplifier. ThJ division circuitry is shown in., simplified form in Figure I0.
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+10u/X I0_ o+YO +XIN
-Card Y

+Card +_

[ 1 -

_-Card '_..,!
I "I.. I
i !"A J O -XIN

+Card +Y "L

+Y
+U_V_, : _ A _

B
_.- O -10u/X

FIGURE I0

SIMPLIFIED DIVISION CIRCUITRY

Recalling the galn equation for the analog computer's operational amplifier
is

VOUT : _ R__F_FVIN, (Z)
RIN

the dlvlslon process may be s},owa in a system fashion based upon the proof of

the quarter square multiol.er o_Jeration. Firsz the quarter square muitlplier
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cxrcult ts shown in a block diagram in Figure 11

FIGURE 11
MULTIPLICATION DIAGRAM

Now, Figure 10 is further simplified to Figure 12.

MULTIPLIE_X A

CIRCUIT _4_...____ XIN

VIN = U A . . _ q..... VOU T

FIGURE .I2
SIMPLIFIED DIVISION DIAGRAM

Note that amplifier B, has been omitted in Figure Ig, to enable the reader

to clearly envlsion that Figure IZ is the inverse of Figure II. This may be

further _nown from the equations,

V,)UT = VIN RF (Multiplier, Figure It) (14)
R M

VOUT = VIN R__ (Divider, Figure tZ) (15)
R F

Thus. RM/R F is the inverse of I{F/RM, provx_g in a system mar ]er the
ooeration of the division circuitry,

Three ruies must be followed in using the division circuitry, as shown

ir_ Figure IZ, to eliminate saturation of amplifier A.
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(1) The -ivisior X > VIN. Therefore VOU T <VIN.

(z) x _ o

(3) X must be positive. If X is negative, the +X and -X connections must
be interchanged.

SQUARING A VARIABLE THAT DOES NOT CHANGE SIGN

The cjuarter square multiplier circuit may be used to perform the operation
of sc'laring.+ when the variable to be squared does not change sign. Referring
back to Figure 11, if both the X and Y inputs were chenged Lo a _ingle input, X,

then the reader may readily understand that X multiplied by X is equal to X 2.
Figure i3 is a simplified version of the squaring circuitr].

Rf

XlN " T ---- --_ [ VOUT = -(X)Z/lO

MULTIPL IER C!RCUI_+:

FIGURE 13

SQUARING FUNCTION

As was the case of straigb2 multiplication, an inversion of t,,e sign occurs
and the resultant product or square is scaled down by a factor of It.

Figure 14 illustrates the s2uaring circuit in more detail.
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FIGURE 14

SIMPLIFIED SQUARING CIRCUIT

Note from the figure that two operations of squaring may be performed
from four cards.

To further illustratethe squaring operatic% assume that a + X input is

placed on the multiplier +X input. Figure 14 reduces to Figure 15 as,

F

Rf/C/k5 K .t'k

[ R4 k/

- IOV

FIGURE 15

REDUCED SQUARING CIRCUIT i

Note that a short has been placed across the +X and the +Y input in Figure 14, :.

this short is used in coupling one variable to both the X and Y inputs. (This

shorting is done in external computer patching.) Only one card is used for the t

sqtlaringof the positive quantity X, since the diode Ca2 will not pass a curzent

with a positive polarity measured from t/_e+X input to S' Therefore, a

summation of the currents entering S _ is, from Equation IZ,

(X + X)2 = _ VOUT/5 (16)
20O

-5 (4X 2) = _XZ/10 = -XI X[ /I0 (,7)VOU T =
Z00
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proving the operation of the squaring or X X capability of this circuit.

the squaring circuit cannot be patched to nullify the sign inversion, since

each inpu_ (+X and +Y or -X and -Y) is redundant, with only a reversal of the
diodes. This enables patching either +X or -X to the. +X input and receiving the

game absolute value for the square of either input.

SQUARE ROOT

The quarter square multiplier circuit may also be used to obtain the square
root. Figure lZ must be modified to perform this operation to,

MULTIPLIEK

CIRCUIT

FIGURE 16

SQUARE ROOT EXTRACTION

In this configuration, the multiplier circuitry is connected in exactly the

same manner as squaring, except the multiplier is placed in the amplifier feedback

loop and the feedback resistance, R F, is placed in the amplifier input circuitry.
Thus, the following equations closely rest, ble Equations 16 and 17.

Summing the currents into the amplifier,

(Vou T + VO_JT) z . U , 0 (18)

200 R F

(4Vntt_z) = +
Z00 5

VOUT z = U (I0)

You T =cTO-O- (tg)

Ifthe input VIN had been +U,

Vou T = -/Vd'U- (z0)

These equations show the operation of square rooting, and the close

electrical correlation to squaring. Sincc the multiplier circuit in patching
and operation is not changed, a more detailed schematic of the square rooter
wilt not be shown.
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The square root circuitry, like the square circuitry, is redundant, so that I
the input sign is always the opposite of the output sign. Like the square operation,

each multiplier unit is capble of handling two differcnt square root extractions
simultaneously, since only two cards are needed for each operation, and four "
cards are available ,n each multiplier unit. .

OTHER NON-LINEAR COM_UTER CIRCUITS -_

The analog computer niay be equipped with other diode function generators.
These diode _unction generators are all similiar to the quarter square multiplier;

in that, diode gates are reverse biased so that the input voltage must be a discrete
level before the diodes will begin conduction. This conduction causes the feedback

impedance to input impedance ratio of the operational amplifier to change, varying
the gain of the amplifier.

Three of the available fixed function type _enerators are:

(1) xz
(Z) Log X
(3) I/ZLog X

A variable function type generator is also available. This generator utL iz.es

the same ZF/ZIN relationship of the fixed function generator to approximate a
curve with straight line-segments. The variable diode function generator provides

a means, with a single quantity possibly obtained from experimental data, of
generating variables which are a function of this data.

COMPdTER SCHEMATICS AND SYMBOLS

Computer diagrams are used in patching the analog computer. These

computer diagrams use computer "symbols" which are abbreviated forms

of the previously il:_strated schematics. The computer diagrams and symbols

are a history or an explanation of the patching for a particular problem. The _]
engineer should never attempt to solve a problem on the analog computer without ' f
first making a diagram of the problem. For this reason, the following symbols
are explained -

)

[
L
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o
• , 100K A -V Inverter

Schematic

V 1 _,_ -V Inverter
Symbol

indicates Amplifier Number

. 100K

V __ - I OV Multiplication
by -I0

Schematic . "

V 10 ! Ol "_ - _OV Multiplication
by -I0

Symbol -;'

Q IOK

v 100K I _"_ I -V/IO Multiplication '
by -I/I0

Schematic

V -V /IO Multiplication

by -1/10
Symbol

Q V,

_. KV (]rounded

Potentiometer
Schemati c

_" K = Potentiometer Setting
K

A

V _01_ KV Grounded Potentiometer

*Oi indicates Potentiometer Number Symb°l
1]
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V 1 HT -

IL_ Ungrounded

V 2 + K (V 1 - V2) Pote_,iometer
SchemeL_

V2

V1 HI H_ Ungrounded

K _L V_ + K {VI - V 2) Potentiometer

- - Symbol

V 2 0

(_ lOOK

V. Mul_Jplicati0n

__ by -K

K -KV Schematic

h._ Multiplicationv _ _ : _ ,,_,-K

t_ymbol

Q i00K
V 1 100 K _ Sun :,': _ :ion

v 4 1OK ,_

urnmation

V I I Symbol

V 2 i I_ .'-r_ VZ _ _'3 + 10V4)

V 4 ._
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h-- Minus

" IGOI_ ' i Card

i/'_. I +x Plus+Y _-.1--_- i c,..-d
k.-" -XY/IO

Card

MuIV plication

Plus Schematic

Inputs & Inve_-tedInput_ . Card

I

. l d_-L 'I

[//_ !_:L-X 1411

I1"--I I l°" " _xY,,o

I *13 indicates the Multi_ lication
Inputs & Inverted Inputs Muktiplier 1.'..tuber Symbol

l

ek*Note: The oust amplifier is drawn as ) not as
The symbol I.:) denotes a high gain a ifier without afe ck loop.
The feedback l_p must be furnished, and in the above case, is furnished in

multiplier circuitry. The symbol _ denotes an operational
the l

amplifier with a fb_ed gain, which as prevfously illustrated, is shown at the
input of the ar_plifier.
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@
100K 100K

lOOK : " -- ' lOOK

+X ......Div,s or ' "' ' u--*-_-i O0 \_-_i ",..- 'I _"_ /_---'_'V'_ +Y& Inverted Diviso_ : I

-- ! f
I :

Minus ]+---°X !

Card !.4-_
I

f
Plus _X

T__

Card Division

Schematic
i

Minus :-X joa.
* I

--- Card +_

I
a

i I
_ i I +v = -IOU

+u -v'v_J_---_----_.01 .i- _o -
, //

+X +X Ol > -IOU/X

L '13 !

U +U I+ ! _-Y Division
+ x Symbol

[__I 0_'_2 .>. , +lOU/X

t
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Q
+X _________ Minus 51¢.aL.

Card

Plus I 1 ..Iv!

Card ] 10squaring

x lxi
YIYI

"g J-Minus _ _ Schematic s

•Plus _[ + y_y]

Card I0

b_l v/-- ,o
Squaring
xlxl

Y|YI

Symbols

-Y. +'Y] 13 IS +_
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IM:m-_s-L---.

--Icard !r-__ t---

, lCard__. '

I ". !

"" Square
Root

_ Minu--------_t Schematics

Card ]----

_ Plu. p--

+U +U [4--_ /'_"

-
Square
Root

' [ S ymb ol s
S ', Ol 'i+X

.7
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CONCLUSIONS

This paper has endeavored to illustrate some of the electronic principles
involved in analog computation. The paper has been "written around" the

".'_C_; _K-_3 computer employed by the Mass Metrology Laboratory. It is
true that some of the techniques us=_ ___computation may differ from computer
to colnpute_; however, the major amount of techniques _,_d ._,_Donents are
functionally identical. In order that the reader may prepare himself for

using an analog computer, it is recommended that he (I) familiar;.ze himself
with available operation manuals and (2) become familiar with the computer by
practicing patching, scaling, ana investigation of problem parameters by the
solution of examp]e problems.
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